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Abstract

GivenaEuclideangraphG overasetPof n pointsin theplane,weareinterestedin verifying
whetherG is anEuclideanminimumspanningtree(EMST) of P or G differs from it in more
than� n edges.WeassumethatG is givenin adjacency list representationandthepoint/vertex
setP is given in an array. We presenta propertytestingalgorithmthat acceptsgraphG if it
is anEMST of P andthat rejectswith probabilityat least 2

3 if G differs from every EMST of
P in morethan� n edges.Our algorithmrunsin O(

p
n=� � log2(n=� )) time andhasa query

complexity of O(
p

n=� � log(n=� )) .
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1 Intr oduction

Theproblemof �nding a minimumspanningtreein a graphbelongsto oneof themostfundamentalprob-
lems in algorithmic graphtheory. In this paperwe study a relaxationof this problemfor the classof
geometric(Euclidean)graphs.Weinvestigatetheproblemof testingwhetheragivengraphG is aminimum
spanningtreefor asetof pointsP in theplaneor it is far from any minimumspanningtreefor P.

WeconsiderasetP of n pointsin theEuclideanplaneR2 andageometricgraphG = (P; E) with vertex
setP andedgesetE. GraphG = (P; E) is calledaEuclideanminimumspanningtree(EMST)of point setP
if G is a minimumspanningtreeof thecompleteEuclideangraphof P. ThecompleteEuclideangraphis a
completeweightedgraphwhereeachedgee = (p; q) 2 P � P hasweightequalto theEuclideandistance
betweenp andq. For simplicity, we make a standardassumptionin computationalgeometrythat P is in
generalposition,i.e., all edgeweightsaredistinct. In this caseit is known that theEMST is unique(see,
e.g.,[9]). WeassumethatG is givenin adjacency list representationandthesetP is givenin anarray.

Themainresultof thispaperis apropertytestingalgorithmthatfor agivenP andG acceptstheinput if
G is theEMSTof P andthatrejectswith probabilityat least2=3everygraphG thatdiffersfrom theEMST
of P in morethan� n edges.Our algorithmrunsin O(

p
n=� � log2(n=� )) time andhasquerycomplexity

of O(
p

n=� � log(n=� )) .
Noticethatsincethecomplexity of �nding theEMSTfor a setof n pointsin R2 is � (n logn) (evenif

anapproximatesolutionis sought),our resultprovidesa eO(
p

n)-time, thussublinear-time approximation
procedureto testif agivengeometricgraphis theEMST.

1.1 Relatedresearch

Our result lies on the intersectionof classicaloptimizationand propertytesting. We study the classical
optimizationminimum spanningtree problemand our goal is to approximatelyverify if a given graph
is a minimum spanningtree. Our result follow the framework of property testing[12, 23], which is the
computationaltaskto decideif a givenobjectsatis�esa certainpredeterminedproperty(in our case,input
graphis a minimum spanningtree)or is far from every objecthaving this property. If the input object
neitherhasthepropertynor is far from it, thenthealgorithmmayanswerarbitrarily. Thus,theoutcomeof
apropertytestingalgorithmcanbeseenasanapproximationof a propertyof theinput.

Themainreasonof increasingpopularityof propertytestingin recentyears(see,e.g.,surveys [10, 11,
22]) is thatfor avarietyof problemstheframework of propertytestingcanleadto sublinear-timealgorithms,
thatis algorithmsthatcanapproximatelyverify if anobjecthasagivenpropertywithouttheneedto examine
the whole object. This hassomepotentialapplicationsin massive datasetsand other situations,when
evenreadingthe input might beprohibitively expensive. In a sequenceof papers,variouspropertytesting
algorithmshave beendevelopedfor a variety of problems,startingwith graphproblemsthroughstring
problemsto problemsonmatrices,seethesurvey works[10, 11, 22] andthereferencestherein.

In this paperwe presentfor the �rst time a propertytestingalgorithmfor the minimumspanningtree
(MST) problem. The problemof �nding an MST is one of the most fundamentaland mostextensively
studiedproblemsin algorithms. For arbitrarygraphs,the currentlyfastestdeterministicalgorithmdueto
Chazellerunsin time O(n + m � (m; n)) [2], wheren is thesizeof thevertex setandm is thenumberof
edgesin the input graph(seealso[21]). Kargeret al. [16] gave a linear-time randomizedalgorithm. The
problemof verifyingif theinputgraphis aminimumspanningtreeof anothergraphin thegeneralcasehas
beeninvestigatedin a seriesof papers[8, 17, 19], whereO(n + m)-time algorithmshave beengiven. A
bettersituationis known for Euclideangraphsin Rd . In the caseconsideredin the currentpaper, that is
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for d = 2 (on theplane),ShamosandHoey [24] gave anO(n logn)-time algorithmfor �nding anEMST
(noticethatin thiscasem = � (n 2)).

Recently, (after publishingthe preliminaryversion[6] of the currentpaper)threesublinear-time ap-
proximationalgorithmshave beenpresentedfor the problemof estimatingthe weightof the MST. These
algorithmsaredesignedin a similar �a vor asthatin propertytesting.Chazelleet al. [3] presentedanalgo-
rithm that,givenaconnectedgraphin adjacency list representationwith averagedegreeD, edgeweightsin
therange[1: : : W], andaparameter0 < " < 1

2 , approximates,with highprobability, theweightof aMST in
time eO(D W " - 3) within a factorof (1+ " ). Czumajetal. [4] gavea eO(

p
n � poly(1="))-time for asimilar

problemfor geometricgraphs,but this algorithmis assumingthat the input graphis provided on a top of
someadditionalgeometricdatastructures.Recently, CzumajandSohler[5] obtainedan eO(n � poly(1="))-
timealgorithmthatestimatestheweightof theMST in any metricgraphto within a factorof (1 + " ).

1.2 Outline

After we introducesomebasicnotationin Section2, in Section3 we developa propertytesterfor disjoint-
nessof geometricobjects,which is usedasa subroutinein theEMST tester. Next, in Section4, wepresent
ourpropertytestingalgorithmfor theEMSTproblem.

2 Preliminaries

Westartwith somebasicde�nitions neededin thissectionbeforewediscusstheinput representation:

De�nition 2.1 A geometricgraphfor P is a weightedgraph G = (P; E) with vertex setP and edge set
E � P � P (theedgescanbeinterpretedasstraight-linesegmentsconnectingtheendpoints).Theweightof
an edge (p; q) is implicitly givenby theEuclideandistancebetweenp andq in R2.

De�nition 2.2 A geometricgraphfor P that is theminimumspanningtreeof thecompletegeometricgraph
for P is calledtheEuclideanminimumspanningtree(EMST)of P.

Next wede�ne whenagraphis “f ar” from theEMST. Typically, adistancemeasurefor graphproperties
dependsonthenumberof entriesin thegraphrepresentationthatmustbechangedto obtainagraphthathas
thetestedproperty.

De�nition 2.3 Let G = (P; E) be a geometricgraph for P and let T = (P; E) be theEuclideanminimum
spanningtreeof P. We sayG is � -far from beingtheEuclideanminimumspanningtreeof P (or, in short,
� -far from EMST) if onehasto modify(insertor delete)more than�n edgesin G to obtainT, that is :

jE n Ej + jE n Ej > � n :

Input representation. We assumethat both the point setandthe grapharegiven asan oracle,andthe
point setis representedby a functionf : [n] ! R2 (hereandthroughoutthepaperwe will usethenotation
[n] := f1; : : : ; ngfor thesetof integernumbersbetween1 andn). Thealgorithmmayquerytheoraclefor
thevalueof f (i ) for somei 2 [n] andgetsin returnthepositionof thei -th pointof P.

Thegeometricgraphis givenin theunboundedlengthadjacencylist representationintroducedin [20].
The unboundedlengthadjacency list model is a generalmodelfor sparsegraphs.The graphstructureis
representedby adjacency lists of varyinglength.Our propertytestermayqueryfor thedegreedeg(p) of a
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vertex p andfor eachi � deg(p) it mayqueryfor the i -th neighborof p. We representthevertex setof
ourgraphby thesetof numbers[n]. Thuswecaneasilyobtainthepositionof a vertex p from thepoint set
representationby queryingfor thevalueof f (p).

Thegoalof propertytestingis to developef�cient propertytesters. A propertytesterfor EMSTsis an
algorithmthatgetsa distanceparameter� andthesizen of theinputpoint setP (which equalsthenumber
of nodesof G). Thepropertytesterhasoracleaccessto thefunctionf representingthepoint setandto the
graphG. A propertytesteris analgorithmthat:

� acceptsG, if G is theEMST of P, and

� rejectsG with probabilityat least2
3 , if G is � -far from � .

1 If G is neithertheEMSTnor � -far from it, thentheoutcomeof thealgorithmcango eitherway.

Complexity of property testers. Therearetwo typesof possiblecomplexity measuresfor propertytesters:
Thequerycomplexity andtherunning time. Thequerycomplexity measuresthenumberof queriesto the
oracleasked by a propertytestingalgorithm. If onecountsalsothe time the algorithmneedsto perform
othertasksthanqueryingtheinput functionvalues,thentheobtainedcomplexity is calledtherunningtime
of thepropertytester.

3 Disjointnessof geometricobjects

Beforewe startworking on theEMST problemwe �rst considera simplerproblemof disjointnessof geo-
metricobjects,which will beusefulin our analysisof theEMST problem.Let O = fO1; : : : ; On gbea set
of arbitrarygeometricobjects,eachbeingan(implicitly represented)subsetof Rd . Our goalis to testif all
objectsin O arepairwisedisjoint. Two geometricobjectsO i andOj aresaidto bedisjoint if Oi \ Oj = ; .
A setO = fO1; : : : ; On gof n geometricobjectsis pairwisedisjoint if eachpair of objectsO i andOj is
disjoint,1 � i; j � n .

We representsetsof geometricobjectsby a function' : [n] ! R whereR containsimplicit represen-
tationsof all geometricobjectsof a certainclassof objects,e.g.all line segments,points,or rectangle.For
example,whenwe considersetsof line segmentsin the Rd thenR = Rd � Rd . The propertytesterfor
disjointnessof geometricobjectsis usedlaterwhenwedesignapropertytesterfor theEuclideanminimum
spanningtree.

De�nition 3.1 A setO of n objectsin theRd is � -far frombeingpairwisedisjoint if onehasto removemore
than� n objectsfromO to obtaina disjoint setof objects.

Testingalgorithm. Weconsiderthefollowing propertytesterfor disjointnessof geometricobjects.

�

�

�

�

DISJOINTNESSTESTER(set of arbitrarygeometricobjectsO)
ChooseasetS � O of size8

p
n=� uniformly at random

if S is disjoint then accept
elsereject

1Weconsideraone-sidederror model,thoughin theliteraturealsoatwo-sidederror modelhasbeenconsidered,see[10, 11,22].
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Theorem 1 AlgorithmDISJOINTNESSTESTER is a propertytesterfor disjointnessof geometricobjects.Its
querycomplexity is O(

p
n=� ) andits runningtimeis T(8

p
n=� ) + O(1), whereT(m) is thetimeto decide

whethera setof m inputobjectsis disjoint.

Proof : Wehaveto provethat(1) algorithmDISJOINTNESSTESTER acceptseverysetof disjointgeometric
objectsand(2) that it rejectsevery setof geometricobjectsthat is � -far from disjoint with probability at
least2=3.

Part (1) is immediate:If O is pairwisedisjoint, the every subsetof O is alsopairwisedisjoint andso
algorithmDISJOINTNESSTESTER acceptsO.

Thuslet ussupposethatO is � -far from disjoint andprove part (2). It is easyto seethatwe canapply
k = � n=2 timesthefollowing procedureto O: pick a pair of intersectingobjectsW i , i 2 [k], andremove
it from O. In orderto prove thatDISJOINTNESSTESTER is apropertytesterit is suf�cient to show thatwith
probability at least2=3at leastoneof thesepairs is in the samplesetS. We apply LemmaA.1 [7] (see
AppendixA) andstandardampli�cation arguments.We considerthe samplesetS asfour independently
selectedsetsS�

1; S�
2; S�

3; S�
4, eachof size 2 n

(2 k)1=2 andthenapplyLemmaA.1 to obtain:

Pr [9j 2 [k] : (W j � S)] � 1 -
Y

1� i � 4

(1 - Pr [9j 2 [k] : (W j � S�
i )]) � 1 - (3=4)4 � 2=3 :

2

4 TestingEuclideanminimum spanningtr ees

We begin with a simpleclaim thatstatessomebasicpropertiesof Euclideanminimumspanningtrees(see,
e.g.,[9, 18]):

Claim 4.1 EveryEuclideanminimumspanningtreeof a point setin general positionin R2 hasmaximum
degreelessthanor equalto �ve, is connected,andits straight-lineembeddingis crossing-free. 2

Now wewantto introducesomeadditionalnotationthatwill beusefulto simplify thedescriptionof the
algorithmandits analysis.

De�nition 4.2 For a givenpointsetP, a geometricgraphG = (P; E), andtheEuclideanminimumspanning
treeT = (P; E) of P, theEMST-completionof G is thegeometricgraphGC = (P; E [ E) that containsall
edgesthatare in G or in T.

In the next subsectionwe will presenta propertytesterfor EMST that works for a specialclassof
inputgraphswhichwecall well-shaped. Therestrictionto well-shapedgraphssimpli�es theanalysisof the
algorithmandit allows aclearview on theimportantfeaturesof thepropertytester.

De�nition 4.3 Wecall a geometricgraphG well-shapedif

� it hasmaximumdegreeof 5,

� it is connected,and

� thestraight-lineembeddingof its EMST-completionis crossing-free.
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Notice thatby Claim 4.1, if a geometricgraphG is theEMST of P thenit is well-shaped.Of course,the
reverseis not true. Still, however, we can�rst testif the input graphG is well-shapedandonly if it is, we
cantestif it is theEMSTof P. Thissuggeststhefollowing line of theattack:We�rst testif theinputgraph
is far from a well-shapedgraph. If this is thecasethenwe canrejectthegraphby Claim 4.1. If the input
graphpassesthetest,thenweknow thatwith goodprobabilityit is eithercloseto awell-shapedgraphor it is
well-shaped.If thegraphis well-shapedwecanusethetestingalgorithmfor thespecialcaseof well-shaped
graphsthatwill bepresentedin Sections4.1–4.3.Then,in Sections4.4–4.5,weshow thatwe canrelaxthe
assumptionthatthegraphis well-shapedandthealgorithmwill work alsofor graphscloseto well-shaped.
Thiswill establishouralgorithm.

4.1 Propertiesof EMSTs in well-shapedgraphs

We now designa propertytesterfor EMST for thecasethatour input graphis well-shaped.First,we give
anoverview of thealgorithm.

Let G denotea well-shapedgeometricgraphwith vertex setP. We �rst pick a samplesetS � P using
somerandomizedschemeto bedescribedlater. Next, we �nd thesubgraphGS of G that is inducedby the
vertex setS. Thenwe computetheEMST-completionof GS. If theEMST-completionhasa cycle thenwe
rejecttheinput,otherwisewe accept.

Now, we proceedwith thedetails. We �rst show that if theEMST-completionof GS containsa cycle
thenwecanalwaysrejecttheinputgraph.Weusethefollowing lemmawhich follows easilyfrom standard
theoryof minimumspanningtrees(see,e.g.,[25, Chapter6]). (This lemmamakesuseof thefact that the
EMSTof P is unique.)

Lemma 4.4 Let S � P be a subsetof P and let p; q 2 S. If the edge e = (p; q) doesnot belongto the
EMSTof S, thene doesnotbelongto theEMSTof P.

Proof : The proof is by contradiction.Let us supposethat e doesnot belongto the EMST of S ande
belongsto theEMSTT of P. Theremoval of e in T cutsT into two trees.Thesetwo treesinduceapartition
of P into two subsetsP1 andP2. Sincee belongsto theEMSTof P, e mustalsobetheshortestedgebetween
thesetwo subsets.Let S1 = P1 \ S andS2 = P2 \ S. P1 andP2 arenot emptysinceonevertex of e is in
eachof thesets.Thene is alsotheshortestedgebetweenS1 andS2 andthereforeit belongsto theEMST
of S; contradiction. 2

Thefollowing aretwo immediateconsequencesof Lemma4.4thatwewill uselaterin thepaper.

Corollary 4.5 LetG bea geometricgraphfor P. LetS � P andlet GS bethesubgraphof G inducedbyS.

� If theEMST-completionG0 = (P; E0) of G containsa cycle2 C = (p0; : : : ; pk ) of lengthk � 3 with
pi 2 S for all 0 � i � k, thenthere is a cyclein theEMST-completionof GS.

� If theEMST-completionof GS containsa cycleC = (p0; : : : ; pk ) of lengthk � 3, thenG is not the
EMSTof P. 2

Now let us consideran input graphG = (P; E) that is � -far from EMST. Our goal is to designa
randomizedsamplingschemesuchthattheEMST-completionof thesubgraphof G inducedby thesample

2Here,C = (p0 ; : : : ; pk ) is a cycle (of lengthk) if p i 2 P for all i 2 [k], p0 = pk , (p i - 1 ; p i ) 2 E0 for all i 2 [k] and
p i 6= p j for all i; j 2 [k], i 6= j .
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setcontainsa cycle with high probability. Let T = (P; E) be theEMST of P andlet GC = (P; E [ E) be
theEMST-completionof G. In the following we referwith red edgesto theedgesin E n E andwith blue
edgesto theedgesin E. (Noticea fundamentaldifferencebetweenredandblueedges,in thatrededgesare
givenimplicitly only, sincethey do notbelongto theinputgraphG.) Wewill show thatin ouranalysis,it is
suf�cient to focuson “short” cyclesthatcontainatmosttwo rededges.

De�nition 4.6 Let C bea cycleof lengthk in theEMST-completionof G. We call C � -shortif (1) it is of
lengthk, where k � 72

� and(2) it containsat mosttwo rededges.

In our algorithmwe try to �nd � -shortcyclesthatsatisfysomeadditional“topological” properties.We
will exploit thefactthatG is well-shaped,in particular, thattheEMST-completionof G hasacrossing-free
straight-lineembedding.Hencewewill useatopologicalrepresentationof thegeometricgraphG to exploit
the fact that every minimal cycle in a (well-shaped)planargeometricgraphcorrespondsto a facein its
straight-lineembedding.In orderto usethisapproachin aformalframework wewill considerthegeometric
graphG not only asan undirectedgraph,but at the sametime alsousingits “directed” representationby
“replacing”eachundirectededge(p; q) by two directededges[p; qi and[q; pi .

Figure1: A straight-lineembeddingandits planarmaprepresentation.

For everyvertex p in G we(cyclically) sortincidentoutgoingedgesin clockwiseorderaroundthevertex
p with respectto theEuclideanpositionsof theedges'endpoints.(This sortingis doneonly implicitly, but
sincewe assumethateachvertex hasa constantdegree— at most� ve, eachtime we considera vertex we
canin constanttimesortits incidentedges.)Thesuccessorof adirectededge[p; qi is theedge[q; r i where
r is thevertex adjacentto q thatprecedesp in theadjacency list of q (sortedin clockwiseorderaroundq);
if q hasdegreeone,thenr = p. Furthermore,for an edgee = [p; qi in G the kth successor, k � 0, is
de�ned recursively asfollows: the0th successorof [p; qi is [p; qi itself, andfor k > 0, thekth successor
of [p; qi is thesuccessorof the(k - 1)st successorof [p; qi . Similarly, edgee is thepredecessorof edge
e0 if edgee0 is thesuccessorof edgee, ande is the kth predecessorof e0 if e0 is thekth successorof e.
With thesede�nitions, cyclesof succeedingedgescorrespondto facesof thestraight-lineembedding.Such
a representationof G is calledaplanarmapfor thestraight-lineembeddingof G (seeFigure1). Wedenote
it eG.

Wehave introducedtheplanarmaprepresentationof agraphG becauseit describesthefacesof thecor-
respondingembeddingin asimpleway(usingsucceedingedgesin eG). Weobserve thatthecorrespondence
betweenthe facesin theembeddingof G andthecyclesof succeedingedgesin eG is oneto one. We also
notethateach(directed)edgeis containedin exactlyonecycleof succeedingedges.
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Let G bea well-shapedgeometricgraphfor P andlet C = (p0; : : : ; pk ) beacycle in theplanarmapof
theEMST-completionof G. ThenC is calledtopological if for every two consecutive edgeson thecycle
[pi ; pi + 1i and[pi + 1; pi + 2i , [pi + 1; pi + 2i is thesuccessorof [p i ; pi + 1i . Wealsocall thecorrespondingcycle
in G topological.

The following key lemmashows that every well-shapedgeometricgraphthat is far from EMST must
containmany shorttopologicalcyclesin its EMST-completion.

Lemma 4.7 Let G = (P; E) bea well-shapedgeometricgraphfor P. If G is � -far fromEMST, thenthere
are at least � n

100 � -shorttopological cyclesin theEMST-completionof G.

Proof : Let T = (P; E) betheEMSTof P. Let EB = EnE denotetheblueedgesin theEMST-completion
of G andlet ER = E n E denotetherededgesin theEMST-completionof G. SinceG is � -far from EMST,
wehave jEB j + jERj > � n by de�nition.

Now, let H denotethe EMST-completionof G and let eH denotethe planarmap of its straight-line
embedding.Let � denotethenumberof facesin thestraight-lineembeddingof H. Then, eH has� disjoint
topologicalcyclessinceeachfaceis boundedby a uniquecycle of succeedingedges.SinceH is planar,
connected,andhasmorethann - 1 + � n=2 edges,weapplyEuler's formulato deducethat� � � n=2.

Now, let s(f ) denotethenumberof (directed)edgesin thetopologicalcycle boundingfacef . Sinceby
Euler's formula

P
f s(f ) � 6n, therecanbeat most� n=8 � �

4 facesf with s(f ) � 48
� . Therefore,there

areat least3 �
4 facesf with s(f ) < 48

� .
SincejERj � � , thenumberof directedrededgesis atmost2� . Hence,thenumberof topologicalcycles

with 3 or morered edgescanbe at most 2 �
3 . Sincewe have shown that thereareat least 3 �

4 topological
cycleshaving lessthan 48

� edges,at least �
12 � � n

24 of themhave at mosttwo rededges. 2

Let G be a well-shapedgeometricgraphfor P. For every vertex p 2 P, we de�ne its topological k-
neighborhoodasthesetof verticesthataretheendpointsof theedgesthatareeitherthei th successorof any
edgeincidentto p, 0 � i � k, or thej th predecessorof any edgeincidentto p, 0 � j � k. Thetopological
k-neighborhoodof avertex p is denotedN top

G (p; k).
Thefollowing claim follows from thefactthateverywell-shapedgraphhasmaximumdegreeof 5.

Claim 4.8 LetG beawell-shapedgeometricgraphfor P. For everyvertex p 2 P, wecan�nd its topological
k-neighborhoodin timeO(k). 2

4.2 Simpleproperty tester in well-shapedgraphs

Now wearereadyto presentour �rst propertytesterfor testingif theinputwell-shapedgraphis theEMST
of a given input point set. Later, in Section4.3 in Lemma4.18, we presenta faster, but morecomplex
algorithm.

Our �rst approachis to sampleuniformly at randoma suf�ciently large setQ of points in P. Then
we addto thesamplesetthe topological 72

� -neighborhoodof every point in Q. Provided that thesetQ is
suf�ciently large,we prove in Lemma4.12that if G is � -far from EMST, thentheobtainedsetof vertices
will containa certain� -shorttopologicalcycle in theEMST-completionof G with probabilityat least2=3.
By Corollary4.5,thiswouldcertify thatG is notanEMST.

WeassumethatG is well-shaped.Notice�rst thatevery � -shorttopologicalcycleeither

1. is acycleconsistingof atmost 72
� blueedges,or

2. is apathconsistingof atmost 72
� blueedgeswhosetwo endpointsareconnectedby a rededge,or
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3. is apathconsistingof atmost 72
� blueedgeswhosetwo endpointsareconnectedby a pathconsisting

of exactly two rededges,or

4. consistsof two pathscontainingat most 72
� blueedgeswhoseendpointsareconnectedto eachother

by two rededges.

We �rst observe thatif therearemany � -shorttopologicalcyclesof type(1) or (2), thenwe caneasilyspot
them.

Lemma 4.9 Let G = (P; E) bea well-shapedgeometricgraph. If theEMST-completionof G containsat
least � n

200 � -shorttopological cyclesof type(1) or (2), thena setQ � P of size4000=� chosenuniformlyat
randomwith probabilityat least 2

3 containsat leastonevertex froma � -shorttopological cycle.

Proof : SinceG is well-shaped,it hasa maximumdegreeof 5 andthereforetheEMST-completionof G
hasmaximumdegreeof atmost10. Thus,everyvertex p 2 P is containedin atmost10 � -shorttopological
cycles.This impliesthatthesetPC of all verticesthatarecontainedin at leastone� -shorttopologicalcycle
(of type(1) or (2)) hascardinalityat least � n

2000. Now, if wechooseasetQ � P of size 4000
� takenuniformly

at randomfrom P, then

Pr [Q \ PC = ; ] �
�

1 -
jPC j
n

� jQ j

�
�

1 -
�

2000

� jQ j
�

1
3

:

Therefore,

Pr [Q \ PC 6= ; ] �
2
3

:

2

Next, we observe that for any � -shorttopologicalcycle C of type(1) or (2), for every vertex v from C
all otherverticesfrom C belongto the topological 72

� -neighborhoodof v. This motivatesus to de�ne the
samplesetS asthetopological 72

� -neighborhoodof all verticesin Q. SincethesetQ containsat leastone
vertex from any � -shorttopologicalcycle of type(1) or (2) with probabilityat least2=3, we canconclude
thatS containsall verticesfrom a particular� -shorttopologicalcycle of type(1) or (2) with probabilityat
least2

3 . Sinceeveryvertex of thetopologicalcycle is containedin oursamplesetweknow by Corollary4.5
thattheEMST-completionof thesubgraphinducedby oursamplecontainsacycle. Thusourpropertytester
rejectstheinput with probability 2

3 if it is � -far from EMST andits EMST-completioncontainsat least � n
200

� -shorttopologicalcyclesof type(1) or (2).
Wecansummarizeourdiscussionabove in thefollowing lemma.

Lemma 4.10 Let G = (P; E) be a well-shapedgeometricgraph and let Q � P be a setof size4000=�
chosenuniformlyat randomfromP. If theEMST-completionof G containsat least � n

200 � -shorttopological
cyclesof type(1) or (2), thentheset

S =
[

p2 Q

N top
G

�
p;

72
�

�

containsall verticesof at leastone� -shorttopological cyclewith probability at least2=3. 2
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The� -shorttopologicalcyclesof type(3) and(4) aremoredif�cult to detect.However, wecanstill use
averysimilarapproachasfor cyclesof type(1) or (2), but this timewemust�nd two verticesthatbelongto
thesame� -shorttopologicalcycle. Supposethatin theEMST-completionof G thereareat least � n

200 � -short
topologicalcyclesof type(3) or (4). As before,we �rst take a randomsubsetQ of P, but this time thesize
of Q is � (

p
n=� ). Then,wede�ne thesamplesetS to betheunionof thetopological 72

� -neighborhoodof
all verticesin Q. Weshow now thatthesode�ned samplesetis suf�cient to certify thatG (if it is � -far from
EMST) is notanEMSTby proving ananalogousstatementto Lemma4.10for cyclesof type(3) and(4):

Lemma 4.11 Let G = (P; E) bea well-shapedgeometricgraphand let Q � P bea setof size80
p

n=�
chosenuniformlyat randomfromP. If theEMST-completionof G containsat least � n

200 � -shorttopological
cyclesof type(3) or (4), thentheset

S =
[

p2 Q

N top
G

�
p;

72
�

�

containsall verticesof at leastone� -shorttopological cyclewith probability at least2=3.

Proof : For every � -shorttopologicalcycle C of type(3) let usde�ne thesetWC to containtwo vertices:
onevertex on the blue path in C andthe vertex incidentto the two red edgesin C. Similarly, for every
� -shorttopologicalcycleC of type(4) let usde�ne thesetWC to containonevertex from the�rst bluepath
in C andonevertex from thesecondbluepathin C.

Sinceeachvertex p 2 P belongsto at most10 � -shorttopologicalcycleswe canselectfrom the sets
WC the setsW i , 1 � i � � n

2000, suchthat the setsW i aredisjoint andfor eachi , 1 � i � � n
2000, thereis

an� -shorttopologicalcycle C with W i = WC. Thenwe applyLemmaA.1 [7] with k = � n
2000, ` = 2, and

s = 20np
� n = 20

p
n=� andobtain

Pr [9j 2 [k] : (W j � Q)] � 1 - (1 - 1=4)4 �
2
3

:

Now observe thatif WC � Q thenall verticesof a cycleC arein S. Therefore,thelemmafollows. 2

Now wearereadyto prove thatthefollowing algorithmis apropertytesterfor EMST:

'

&

$

%

EMST-TEST-SIMPLE(G; � )
s = 80

p
n=� + 4000=�

chooseasetQ � P of sizes uniformly at random
S =

S
q2 Q N top

G (q; 72
� )

computethesubgraphGS inducedby S
computetheEMST-completionGC of GS

if GC containsacycle then reject
elseaccept

Lemma 4.12 Let G be a well-shapedgeometricgraph for P. Thenthere is a propertytesterthat in time

O
� p

n=� 3 � log(n=� )
�

andwith querycomplexity O(
p

n=� 3) acceptstheinput if G is anEMSTof P and

rejectstheinputwith probabilityat least 2
3 if G is � -far fromEMST.
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Proof : By Corollary4.5,if theinputgraphG = (P; E) is theEMSTthenEMST-TEST-SIMPLE accepts.
Now let usconsiderthecasewhenG is � -far from EMST. Thenby Lemma4.7we know thatthereare

�n=100 � -shorttopologicalcyclesin theEMSTcompletionof G. It follows thatthereare�n=200 cyclesof
type(1) and(2) or �n=200 cyclesof type(3) or (4). By Lemma4.10and4.11weknow thatthesampletaken
by EMST-TEST-SIMPLE containsan� -shorttopologicalcycle with probabilityat least2=3. By Corollary
4.5 we know that thenthereis a cycle in the EMST-completionof the subgraphinducedby our sample.
Hencethealgorithmrejectsin suchacase.

Thequerycomplexity of thealgorithmis immediate.Its runningtime follows from Claim 4.8 andthe
factthattheEMSTcompletionof a graphwith m verticescanbecomputedin timeO(m logm). 2

4.3 Impr oved property tester in well-shapedgraphs

In thissectionwepresentamodi�cation of thepropertytesterEMST-TEST-SIMPLE(G; � ) thathasaslightly
bettercomplexity. In ouranalysisabovewewerealwaystrying to catchoneinitially �x edsinglevertex from
eachbluepathalthoughan � -shorttopologicalcycle cancontainasmany as 72

� vertices.We now want to
take thelengthof thetopologicalcyclesinto consideration.Furthermore,wewerealwaystakingtopological
72
� -neighborhoodsof all vertices. This strategy shouldbe appliedto the cycles that have asmany as 72

�
edges,but it is not necessaryfor shortercycles. Our approachnow is to improve the complexity of the
propertytesterby combiningthesetwo observations. We show that if the input graphis well-shapedthen
thefollowing algorithmis a propertytesterfor EMST:

'

&

$

%

EMSTTEST(G; � )
s = 1700

p
n=� + 192000=�+ 4000=�

S = FINDCYCLE(G; s; � )
computethesubgraphGS inducedby S
computetheEMST-completionGC of GS

if GC containsacycle then reject
elseaccept

WheretheprocedureFINDCYCLE is thefollowing:
'

&

$

%

FINDCYCLE(G; s; � )
S(0) = ;
for i = 1 to 2s do

j = 0
pick avertex p(i ) 2 P uniformly at random
while j � log 72

� do
j = j + 1
�ip acoin
if headthen exit

S(i ) = S(i - 1) [ N top
G (p(i ) ; 2j )

return S(2s)

First of all, we observe thatby Corollary4.5algorithmEMSTTEST acceptsevery Euclideanminimum
spanningtree.Therefore,weonly haveto provethatif theinputgraphis � -far from EMSTthenit is rejected
with probabilityat least2=3.

10



Let usassumethatG is well-shapedand� -far from EMST. Then,by Lemma4.7, thereareat least � n
100

� -shorttopologicalcyclesin theEMST-completionof G. Let Cj , j = 1;2;3;4, denotethesetof all � -short
topologicalcyclesof type(j) in theEMST-completionof G. Now weconsiderseparatelycyclesin C1 [ C2

andcyclesin C3 [ C4. By ourdiscussionabove wehave eitherjC1 [ C2j � � n
200 or jC3 [ C4j � � n

200.

Cyclesof type (1) and (2). SupposethatG is a geometricgraphfor P with maximumdegree5 andthere
areat least" n � -shorttopologicalcyclesof type(1) or (2) in theEMST-completionof G for " = �

200. We
�rst considertheprobability thata �x ed� -shorttopologicalcycle C 2 C1 [ C2 is containedin thesample
set.Let ` denotethenumberof verticesin cycle C. Thentheprobabilitythatin roundi of theFINDCYCLE

procedurevertex p(i ) is oneof the` verticesof cycleC is `
n . Furthermore,theprobabilitythatthetopological

neighborhoodof p(i ) is chosenlarge enoughto containall verticesof C is at least 1
2 ` . Overall, for a �x ed

cycle C theprobabilitythata vertex of C is chosenin roundi andthatthetopologicalneighborhoodof the
vertex is largeenoughis at least 1

2 n . If thecyclesarevertex disjoint thenit is simpleto provethatafterO( 1
� )

roundsat leastonecycle is completelycontainedin thesamplesetwith constantprobability. Unfortunately,
in thegeneralcasethecyclesarenot vertex disjoint. To overcomethis technicalproblemweusetheplanar
maprepresentationof G andthe following trick for the analysis:Insteadof taking the whole topological
2j -neighborhoodof vertex p(i ) we assumethatour algorithmselectsonly oneof theoutgoingedges(in its
planarmaprepresentation)uniformly at random.Thenit includesonly the2j successorsandpredecessors
of thechosenedgein theplanarmaprepresentationof G. Clearly, thisprocedureconsidersonly asubsetof
theverticesconsideredin theoriginalprocedure.Nevertheless,wecanshow thatthesetof verticeswepick
usingthis procedureis still suf�ciently large. We cannow usethe fact that the (directed)cyclesareedge
disjoint. Assumethatwe pick a vertex thatbelongsto a cycle C. Providedthatthechosenneighborhoodis
large enoughwe still have to choosethecorrectoutgoingedgeto have all verticesof C in thesampleset.
Sinceour graphhasa degreeboundof 5 theprobabilitythat this edgeis chosenis at least1=5. Sincetype
(2) cyclesconsistof apathof ` - 1 (directed)blueedgestheprobabilitythatp (i ) is oneof the` - 1 origins
of theseedgesis `- 1

n � `
2 n (a directededgepointsfrom its origin to its destination). Hencetheprobability

that a cycle C of type (1) or (2) is completelycontainedin the samplesetis at least 1
20n . We know that

thecyclesaredisjoint andso theprobability that at leastonecycle is completelycontainedin thesample
setin roundi is at least " n

20n = "
20. Let XC denotethe indicatorrandomvariablefor theevent that cycle

C 2 C1 [ C2 is completelycontainedin thesampleset.Thenwehave for s � 20=" = 4000=�:

Pr [8C 2 C1 [ C2 : XC = 0] �
�

1 -
"
20

� 2s
�

1
3

andhence

Pr [9C 2 C1 [ C2 : XC = 1] �
2
3

andsowehave just proved:

Lemma 4.13 Let G bea geometricgraph for P with maximumdegree5 that hasat least"n = � n
200 topo-

logical � -shortcyclesof type(1) or (2). If algorithmFINDCYCLE(G; s; � ) is invokedwith s � 4000=� then
thesetS(2 s) returnedby thealgorithmcontainsan � -shorttopological cyclewith probability at least 2

3 . 2

Cyclesof type (3) and (4). Let G bea geometricgraphwith maximumdegree5. Let us furtherassume
that thereareat least" n topological� -shortcyclesof type (3) and(4) in theEMST-completionof G, for

11



" = �
200. Weshow thatthesamplesetcomputedby algorithmFINDCYCLE containseveryvertex of at least

one� -shorttopologicalcyclewith goodprobability.
Recall that cyclesof type (4) consistof 2 pathsof blue edgesconnectedby two rededges.Cyclesof

type(3) area specialcaseof type(4) cycles:Theshorterpathhaslength0. For eachcycle C 2 C3 [ C4 let
X(i )

C denotetheindicatorrandomvariablefor theeventthatall verticesof thelonger(blue)pathof cycle C

arein S(i ) . Let Y(i )
C betheindicatorrandomvariablefor theeventthatall verticesof theshorter(blue)path

of cycle C arein S(i ) . Furthermore,let � (i + 1) betheindicatorrandomvariablefor theeventthat thereis a
cycleC0 2 C3 [ C4 with X(i )

C 0 = 0 andX(i + 1)
C 0 = 1. WesaythatacycleC 2 C3 [ C4 is half-containedin S(i )

if X(i )
C = 1. CycleC is containedin S(i ) if X(i )

C = 1 andY(i )
C = 1.

We analyzethealgorithmin two steps.We �rst show thatwith high probabilitymany (at least" s=80)
topological� -shortcyclesarehalf-containedin thesetS(s) . Thenweshow thatthesetS(2 s) containsat least
onecycleC 2 C3 [ C4 with highprobability.

Claim 4.14 Let theoutcomeof therandomchoicesin round1 to i of thefor-loop of FINDCYCLE be�xed.
If

X

C2 C3 [ C4

X(i )
C <

"s
2

(1)

then

Pr
h
� (i + 1) = 1

i
�

"
40

: (2)

Proof : Let usassumethat(1) holds.Thenweobserve that:

X

C2 C3 [ C4

X(i )
C <

" s
2

�
" n
2

;

sinces � n. Weconcludethatwehavemorethan" n=2 cyclesin C3 [ C4 thatarenothalf-containedin S(i ) .
If p(i + 1) is oneof theverticesof thelongerpathof oneof thesecyclesandif thetopologicalneighborhood
includedin FINDCYCLE is largeenoughthenwehave� (i + 1) = 1. Toestimatetheprobabilityfor � (i + 1) = 1
weapplythesameapproachasin theanalysisfor thecaseof type(1) and(2) cycles.Thisyieldsimmediately
(observingthatwehave " n=2 cyclesinsteadof " n):

Pr
h
� (i + 1) = 1

i
�

1
2`

�
`

2n
�

1
5

�
" n
2

=
"
40

:

2

Ournext goalis to show thatthereareat least"s=80cyclesthatarehalf-containedin S(s) .

Claim 4.15

Pr

2

4
X

C2 C3 [ C4

X(s)
C � " s=80

3

5 � e- "s=300 :

12



Proof :

Pr

2

4
X

C2 C4 [ C4

X(s)
C �

" s
80

3

5 � Pr

2

4
X

1� i � s

� (i ) �
" s
80

3

5 � Pr

2

4
X

1� i � s

B(i ) �
" s
80

3

5 ;

whereB(i ) areindependent0–1 variableswith Pr[B(i ) = 1] = "=40. The latter inequalityfollows from
Claim4.14.Wenow applyaChernoff bound[15, inequality(7)] to obtain

Pr

2

4
X

C2 C4 [ C4

X(s)
C �

" s
80

3

5 � Pr

2

4
X

1� i � s

B(i ) �
�

1 -
1
2

�
�

" s
40

3

5 � e- " s=320 :

2

Let W (i + 1) denotetheindicatorrandomvariablefor theeventthatthereexistsC 2 C3 [ C4 with X(i )
C = 1

andY(i )
C = 0 andY(i + 1)

C = 1.

Claim 4.16 Let theoutcomeof therandomchoicesin round1 to i of theprocedure FINDCYCLE be�xed.
If X

C2 C3 [ C4

X(i )
C >

" s
80

then
Pr

h
W (i + 1)

i
�

" s
1600n

:

Proof : We assumethat therearemorethan" s=80cyclesthatarehalf-containedin S(i ) . Again, we use
essentiallythesameapproachasin thecaseof type(1) and(2) cycles. We observe that thereis a problem
with cyclesof type(3). Sincethelengthof theshorterpathis 0 thereis no directededgein this path.Thus
we have to slightly modify our approach.We usethefollowing samplingschemefor theanalysis:Instead
of takingthewholetopological2j -neighborhoodof p(i ) we choosea numberk between1 and6 uniformly
distributed. If k is between1 and5 we includethe2j predecessorsandsuccessorsof thek-th edgeincident
to p(i ) . In thecasek = 6 weonly includethevertex p (i ) in thesample.Thenwegetthattheprobabilitythat
acycleC is containedin thesampleis at least 1

2 ` � `
2n � 1

6 = 1
24n . Wehave morethan" s=80cyclesthatare

half-containedin S(i ) . Thereforewe obtainthat:

Pr
h
W (i + 1)

i
�

" s
1920� n

:

2

Lemma 4.17 Let G be a geometricgraph for P with maximumdegree 5 that has at least " n = � n
200

topological � -short cyclesof type (3) or (4). ThenFINDCYCLE is an algorithm with (expected)query
complexity O(

p
n=� log(n=� )) that samplesa setS � P, jSj � 1700

p
n=� + 192000=�, such that the

EMST-completionof thesubgraphGS( 2s ) inducedbyS(2s) hasan � -shorttopological cycle.

Proof : Let " = �=200 andlet G be a geometricgraphfor P with maximumdegree5 that hasat least
" n topological� -shortcyclesof type(3) or (4). By Claim 4.16,theprobability that thereis a cycle in the
EMST-completionof thesubgraphinducedby S(2s) is greaterthanor equalto

1 -

0

@Pr

2

4 1
s

X

C2 C3 [ C4

X(s)
C �

"
80

3

5 +
�

1 -
" s

1920n

� s

1

A :
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Choosings � 1700
p

n=� + 192000=�, this boundtogetherwith Claim 4.15for n � 4 implies that the
probabilitythatthereis acycle in theEMST-completionof thesubgraphinducedby S(2s) is greaterthanor
equalto 1 - (e- 2 + e- 5) � 4

5 . 2

Obtaining deterministic query complexity. It is easyto modify thealgorithmsuchthat thequerycom-
plexity hasanupperboundof O(

p
n=� log(n=� )) by insigni�cantly increasingtheerrorof thealgorithm.

We cando this in thefollowing way: We run algorithmEMSTTEST andstop,if it eitheracceptsor rejects
or if thesamplesizebecomestoo large. Let XS denotetherandomvariablefor thesizeof S(2s) . We stop
thealgorithmandacceptthe input if we �nd out that thesizeof S(2s) becomeslarger than10 � E[XS]. By
Markov inequalitywehave:

Pr [XS � 10E[XS]] �
1
10

:

Henceit follows thatournew algorithmrejectsageometricgraphthatis � -far from EMSTwith probability
4=5- 1=10� 2=3. Thusit is a propertytesterwith a deterministicboundof O(log(n=� ) �

p
n=� ) on the

querycomplexity of ouralgorithm(ratherthanexpectedquerycomplexity).

Lemma 4.18 Let G be a well-shapedgeometricgraph for P. Thenthere is a propertytesterthat in time
O(log2(n=� ) �

p
n=� ) andwith querycomplexity of O(log(n=� ) �

p
n=� ) acceptsthe input G if G is an

EMSTof P andthat rejectstheinputwith probability at least 2
3 if G is � -far fromEMST.

Proof : Follows from Lemmas4.7,4.13and4.17. 2

4.4 Property tester in graphswith maximum degree5

Now we want to remove the condition that the input graphsare well-shaped. In this subsectionwe do
the �rst steptowardsthat goal. We develop a propertytesterfor connectivity and crossing-freeEMST-
completions.Thenwe replacethewell-shapedconditionfor EMSTTEST by theassumptionthat theinput
graphhasmaximumdegree5. BeforeEMSTTEST is invoked we testif the input graphis �=200-far from
connectedandif its EMST-completionhasa crossing-freestraightline embedding.Thuswe mayassume
thatEMSTTEST getsaninputgraphthatis �=200-closeto connectedand�=200-closeto having anEMST-
completionwith a crossing-freestraightline embedding(if this is not the case,the propertytestersfor
connectivity andcrossing-freeEMST-completionsreject).Thiswaywedevelopapropertytesterfor graphs
with maximumdegree5. Thedegreeboundis thenremovedin Section4.5.

4.4.1 Testingconnectivity

In the�rst phasewe testwhetherthe input graphis connected.We saya geometricgraphG for P is � -far
fromconnectedif onehasto addmorethan� n edgesto G to obtaina connectedgraph. If G is not � -far
from connected,thenwecall it � -closeto connected.

Remark 1 Letusnoticehere theequivalentcharacterizationof geometricgraphsfor P thatare � -far from
connected— theseare geometricgraphsfor P havingmore than� n + 1 connectedcomponents.

Sincethepropertyof beingconnecteddoesnotdependon thepositionsof theinputpointsin P, we can
useapropertytesterfor connectivity in graphs.
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Lemma 4.19 [13] LetG beagraphwithdegreeboundd. ConnectivityofG canbetestedwithO
�

log2 (1=�d )
� d

�

timeandquerycomplexity in theboundedlengthadjacencylist model3.

Wecanimmediatelyapplythis resultto geometricgraphs:

Corollary 4.20 Let G bea geometricgraphfor P with maximumdegree5. There is a propertytesterthat

in timeO
�

log2 (1=� )
�

�
andwith a querycomplexity of O

�
log2 (1=� )

�

�
acceptstheinput if G is connectedand

rejectstheinputwith probabilityat least 2
3 if G is � -far fromconnected.

Proof : Werun thetesterfrom [13] with d = 5 and� 0 = �=5 . 2

4.4.2 Testingcrossing-freeEMST-completions

Next, wedesigna propertytesterthatacceptstheinput graphif it is theEMST andrejectsit if thestraight-
line embeddingof its EMST-completionis � -farfrom crossing-free.Wesaythestraight-lineembeddingof a
geometricgraphG for P is � -far fromcrossing-freeif onehasto removemorethan� n edgesin G to obtain
acrossing-freestraight-lineembedding.If thestraight-lineembeddingof G is not � -far from crossing-free,
thenwecall it � -closeto crossing-free.

We proceedin two steps.First, our propertytesterchecksfor pairsof intersectingblueedgesandthen
for intersectionsbetweenblueandrededges;rededgescannotintersectbecausethey areedgesof theEMST.

We�rst usethetesterDISJOINTNESS developedin Section3 to �nd intersectionsbetweenbluesegments
(inducedby blueedges).SinceG hasmaximumdegree5 it hasat most2:5n edges.Therefore,sinceone
canverify in timeO(n logn) if ageometricgraphwith n verticeshascrossing-freestraight-lineembedding
[1], Theorem1 impliesthefollowing result.

Lemma 4.21 Let G bea geometricgraphwith maximumdegree5. There is a propertytesterthat in time
O(

p
n=� log(n=� )) andwith thequerycomplexity of O(

p
n=� ) acceptsthe input if thestraight-lineem-

beddingof G is crossing-freeandrejectstheinput with probability at least 2
3 if thestraight-lineembedding

of G is � -far fromcrossing-free. 2

It remainsto designa propertytesterfor red-blueintersectionsin theEMST-completionof G. (More
precisely, we do not designa propertytesterfor the propertyof having no red-blueintersections.Our
algorithmmight rejectaninputgraphif its EMST-completionhasnored-blueintersections.However, if the
inputgraphis theEMSTthenit is alwaysacceptedby ouralgorithm.)A geometricgraphwith redandblue
edgeshasa straight-lineembeddingwithout red-blueintersectionsif thereis no intersectionbetweenthe
correspondingredandblue segments.Similarly, thestraight-lineembeddingof a geometricgraphwhose
edgesarecoloredblueandredis � -far fromhavingno red-blueintersectionsif onehasto deletemorethan
an� -fractionof its edgesto removeall red-blueintersections.

Themaindif�culty with testingfor red-blueintersectionsin theEMST-completionof G is causedby the
factthattherededgesarede�ned only implicitly, becausethey do notbelongto theinputgraphG. Wewill
usethe following lemmato studypropertiesof intersectionsof explicitly given blue edgeswith implictly
givenredones.

3In the boundeddegreegraphmodel a graphis � -far from connectedif onehasto add more than � d n edgesto obtain a
connectedgraph.
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Figure2: A quadrilateralhp; q; x; yi with redblueintersection.Therededgeis dotted.

Lemma 4.22 Let pq be a red and xy be a blue segmentin the EMST-completionof G. If pq and xy
intersecteach other, thenedge (x; y) eitheris not in theEMSTof anysetcontainingfx; y; pgor (x; y) is not
in theEMSTof everysetcontainingfx; y; qg.

Proof : Thepointsp; q; x; y arein convex positionbecausethesegmentspq andxy intersect.Weconsider
thequadrilateralpxqy (seeFigure2). Let uscall the inneranglesin thequadrilateralat verticesp; q; x; y
to be� , � , 
 , and� , respectively. Let usrecall that thelongestedgeof a triangleis oppositeof thelargest
angle.

If � < �
2 and� < �

2 then
 or � is larger than �
2 because� + � + 
 + � = 2� . Without lossof

generality, let 
 > �
2 . Then,segmentpq is thelongestedgeof trianglepqx andthusis cannotbetheEMST

of fp; q; xg. By Lemma4.4 this is a contradictionto thefact that(p; q) is anedgeof theEMST. Hencewe
musthave either� � �

2 or � � �
2 .

If � � �
2 thensegmentxy is thelongestedgein trianglepxy . Henceedge(x; y) is not containedin the

EMSTof p; x; y. By Lemma4.4it is alsonotcontainedin any EMST of asubsetof P thatcontainsp; x; y.
Similarly, if � � �

2 thenedge(x; y) is not containedin any EMSTof a subsetof P thatcontainsq; x; y. 2

This lemmashows thateachred-blueintersectionbetweenarededge(p; q) andablueedge(x; y) hasa
“witness” consistingof onepointz 2 fp; qgandtheedge(x; y) sothat(x; y) is not in theEMSTof x; y; z.

Ourpropertytesterfor red-blueintersectionsissimilarto theDISJOINTNESS testerbut weuseamodi�ed
de�nition of disjointnessproperty:We saythattwo pointsv; u 2 P intersectif thereis a point w 2 P such
thatat leastoneof (v; w) and(u; w) is ablueedgethatis not in theEMSTof v; u; w.

Wenow arereadyto presentourpropertytesterfor red-blueintersections:
'

&

$

%

REDBLUETEST(G; � )
Choosea setS0 � P of size16

p
5n=� uniformly at random

Let S = S0[ N (S0), whereN (S0) denotesthesetof neighborsof pointsin S0

Let GS denotethesubgraphinducedby S
if theEMST-completionof GS hasacycle then reject
elseaccept

Theanalysisof thealgorithmis similar to theanalysisof thealgorithmDISJOINTNESS.

Lemma 4.23 Let G bea geometricgraphfor P with maximumdegree5. AlgorithmREDBLUETEST runs
in time O(

p
n=� logn) and with the querycomplexity of O(

p
n=� ), and acceptsthe input graph G if
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it is the EMSTof P and rejectsthe input with probability at least 2
3 if the straight-line embeddingof the

EMST-completionof G is � -far fromhavingno red-blueintersection.

Proof : Obviously, if G = (P; E) is theEMST thenalgorithmREDBLUETEST acceptsG.
Let GC denotetheEMST-completionof G andlet usassumethatGC is � -far from having no red-blue

intersections.By Lemma4.22,we canapply the following procedurek = � n=20 times: pick a pair of
intersecting(accordingto thede�nition above) pointsfv; ug= W i , i 2 [k], andremove all edgesincident
to v andu from GC. By thedegreebound,weremovedatmost10edgesfor thetwo vertices,andtherefore
thisprocedurecanbeperformedat leastk times.

In orderto prove that if GC is � -far from having no red-blueintersectionsthenREDBLUETEST rejects
G with probabilityat least2=3, we show �rst thatwith probabilityat least2=3oneof thesetsW i , i 2 [k],
is in S0. WeapplyLemmaA.1 [7] to obtain:

Pr
�
9j 2 [k] : (W j � S0)

�
� 1 - (1 - 3=4)4 � 2=3 :

It remainsto show thatif thereis asetW i � S0thenthealgorithmrejectstheinputgraph.If W i = fv; ug�
S0 thenthereexists a blue edgee = (v; w) (or e = (u; w)) suchthat e is not in the EMST of v; u; w.
Therefore,by Lemma4.4,e is not in theEMSTof S. HenceShasacycleandREDBLUETEST rejects. 2

Finally, we cancombineLemmas4.21and4.23to obtainthefollowing result.

Lemma 4.24 Let G be a geometricgraph for P with maximumdegree 5. There is an algorithm that in
timeO(

p
n=� log(n=� )) andwith a querycomplexity of O(

p
n=� ) acceptsG if G is theEMSTof P and

rejectsG with probability at least 2
3 if the straight-line embeddingof the EMST-completionof G is � -far

fromcrossing-free.

Proof : Let G be � -far from having a crossing-freeEMST-completion. Then, either the straight-line
embeddingof G is �

2 -far from crossing-freeor theEMST-completionof G is �
2 -far from having nored-blue

intersections.Applying Lemma4.21andLemma4.23with � = �
2 shows thatG is rejectedwith probability

at least2
3 . Sincethetesterfor blue-blueintersectionandthetesterfor red-blueintersectionsbothacceptthe

EMST, thiscompletestheproofof Lemma4.24. 2

4.5 Property tester in generalgraphs

It remainsto remove thedegreeboundconditionfor theinputgraph.Webegin with a low degreetester.

4.5.1 Property tester for low degree

A geometricgraphG = (P; E) for P is � -far from havinglow degreeif onehasto remove morethan� n
edgesin G to obtaina graphhaving maximumdegreesmallerthanor equalto � ve. If G is not � -far from
having low degreethenwe call it � -closeto having smalldegree.

It is easyto seethat if G is � -far from having small degree,thenthereareat least
p

� n verticesin G
eitherhaving degreegreaterthan� ve or having anadjacentvertex with degreegreaterthan� ve. Therefore
thesimplealgorithmthatpicksa randomsetS of 4

p
n=� pointsin P andtestsif everypointp 2 S hasthe

degreesmallerthanor equalto 5 andif sothenit testsif everyneighborof p 2 Shasdegreesmallerthanor
equalto 5, will detectwith probabilitygreaterthanor equalto 2

3 everygeometricgraphG thatis � -far from
having smalldegree.
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Lemma 4.25 LetG bea geometricgraphfor P. There is a propertytesterthat in timeO(
p

n=� ) andwith
thequerycomplexity of O(

p
n=� ) acceptstheinput if G hasthemaximumdegreesmallerthanor equalto

5 andrejectstheinputwith probabilityat least 2
3 if G is � -far fromhavingsmalldegree.

Proof : Clearly, our algorithmacceptsevery graphhaving maximumdegreeof � ve. Let us assumethat
G is � -far from having smalldegree.A vertex thathasdegreemorethan� ve or that is adjacentto a vertex
with degreemorethan5 is calleda heavyvertex. Let S denotea sampleof size4

p
� n chosenuniformly at

randomfrom P.

Pr [Scontainsno heavy vertex] � (1 - 1=
p

n=� )4
p

n=� � 1=3 :

It follows that

Pr [S containsaheavy vertex] � 2=3 :

Henceouralgorithmrejectseverygraphthatis � -far from having smalldegreewith probabilityat least2=3.
Thusit is apropertytester.

Therunningtime andthequerycomplexity follow from thefactthatsincethedegreeof every p 2 S is
lessthanor equalto 5, all operationscanbeperformedin aconstanttimepervertex p. 2

4.5.2 Testerfor generalgraphs

To obtaina testerfor generalgraphswe modify thetesterfor graphwith degreeboundof 5 in thefollowing
way: We �rst testwhetherthe input graphis �=2 -far from having low degree(usingthe testerdescribed
below). Thenwe run thepropertytesterfor graphswith maximumdegreeof 5 afterapplyingthefollowing
modi�cationsandwith distanceparameter" = �=2 :

� If duringthecourseof thealgorithmweencounteravertex with degreegreaterthan5,weimmediately
reject.

� For eachvertex v 2 S we alsoincludeeveryneighborof v in G into thesampleset.This canbedone
withoutasymptoticallyincreasingtherunningtimeof thealgorithm(becauseif weencounteravertex
with degreegreaterthan5 thenwe reject).

Clearly, theabove modi�cations do not affect thecasewhenthe input graphis theEMST of thepoint
set: thealgorithmwill still accepttheinput graph.Thuslet usconsiderthecasewhentheinput graphG is
� -far from EMST. If thelow degreetesterrejectstheinput graph,we aredone.Thuslet usassumethatthe
input graphpassesthis test(andthusis �=2 -closeto having low degree)but is � -far from EMST. We call a
vertex of G a distinguisherif eitherit hasdegreegreaterthan5 or it hasaneighborwhosedegreeis greater
than5. Now we de�ne thegraphG0 to bea graphobtainedfrom G by deletingaminimal setof edgessuch
thatG0hasmaximumdegreeof 5. Sincewedeletedlessthan� n=2 edgesfrom G to obtainG 0, weconclude
thatG0 is �=2 -far from EMST.

In orderto analyzethebehavior of themodi�ed algorithmwe considerthe(unmodi�ed) algorithmfor
graphswith maximumdegree5. First of all, weobserve thatif thereis adistinguisherin thesamplechosen
by the unmodi�ed algorithmthenthe modi�ed algorithmalwaysrejects. But if thereis no distinguisher
in the samplechosenby the unmodi�ed algorithm then the graph“looks” like the graphG 0 which has
maximumdegree5 andis �=2 -far from EMST. If we run the unmodi�ed algorithmon input G 0 it rejects
with probability2=3. Thusthemodi�ed algorithmalwaysrejectswhentheunmodi�edalgorithmrejectsG 0.
We concludethat themodi�ed algorithmrejectsG with probabilityat least2=3becauseit eitherrejectsor
it behaveslike theunmodi�ed algorithmwith inputG 0. Henceweproved:
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Theorem 2 There is a propertytesterfor theEMSTpropertywith a runningtimeof O(
p

n=� ) � log2(n=� ))
andwith a querycomplexity of O(

p
n=� � log(n=� )) . 2

References

[1] J.L. Bentley andT. A. Ottmann.Algorithmsfor reportingandcountinggeometricintersections.IEEE
Transactionson Computers, C-28:643–647,1979.

[2] B. Chazelle.A minimumspanningtreealgorithmwith inverse-Ackermanntypecomplexity. Journal
of theACM, 47(6):1012–1027,November2000.

[3] B. Chazelle,R. Rubinfeld,andL. Trevisan. Approximatingthe minimum spanningtreeweight in
sublineartime. In Proceedingsof the28thAnnualInternationalColloquiumon Automata,Languages
andProgramming(ICALP), pages190–200,2001.

[4] A. Czumaj,F. Ergün,L. Fortnow, A. Magen,I. Newman,R. Rubinfeld,andC. Sohler. Sublinear-time
approximationof Euclideanminimumspanningtree. In Proceedingsof the14thAnnualACM-SIAM
SymposiumonDiscreteAlgorithms(SODA), pages813–822,2003.

[5] A. CzumajandC. Sohler. Estimatingtheweightof metricminimumspanningtreesin sublinear-time.
In Proceedingsof the36thAnnualACM SymposiumonTheoryof Computing(STOC), pages175–183,
2004.

[6] A. Czumaj,C. Sohler, andM. Ziegler. Propertytestingin computationalgeometry. In Proceedingsof
the8thAnnualEuropeanSymposiumon Algorithms(ESA), pp.155–166,2000.

[7] A. Czumaj,C. Sohler, M. Ziegler. TestingConvex Position.Manuscript,2004.

[8] B. Dixon, M. Rauch,andR. E.Tarjan.Veri�cation andsensitivity analysisof minimumspanningtrees
in lineartime. SIAMJournalon Computing, 21(6):1184–1192, 1992.

[9] D. Eppstein.Spanningtreesandspanners.In Handbookof ComputationalGeometry, pp. 425–461.
Elsevier ScienceB.V., 1997.

[10] E. Fischer. The art of uniformeddecisions.A primer to propertytesting. Bulletin of the European
Associationfor TheoreticalComputerScience, 75:97– 126,2001.

[11] O. Goldreich.Combinatorialpropertytesting(asurvey). In P. Pardalos,S.Rajasekaran,andJ.Rolim,
editors,Proceedingsof theDIMACSWorkshopon RandomizationMethodsin AlgorithmDesign, vol-
ume43of DIMACS,Seriesin DiscreteMathematicsandTheoreticalComputerScience, pages45–59,
1997.AmericanMathematicalSociety, Providence,RI, 1999.

[12] O. Goldreich,S.Goldwasser, andD. Ron. Propertytestingandits connectionto learningandapprox-
imation. Journalof theACM, 45(4):653–750,1998.

[13] O. GoldreichandD. Ron. Propertytestingin boundeddegreegraphs.Algorithmica, 32(2): 302–343,
2002.

[14] O. GoldreichandL. Trevisan.Threetheoremsregardingtestinggraphproperties.RandomStructures
andAlgorithms, 23(1):23–57,August2003.

19
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Appendix

A An auxiliary samplingwitnesseslemma

In thepaperwe areusingthefollowing lemmafrom [7](seealso[6]) thatshows thatif we take a sampleof
sizes from aset
 of n elements,thenwith goodprobabilitywehaveat leastoneof k disjointsets(eachof
size`) in oursample.For thesake of completeness,wepresenttheproofof this lemmain thecurrentpaper.

Lemma A.1 Let 
 beanarbitrary setof n elements.Letk andl bearbitrary integers (possiblydependent
on n) andlet s bean arbitrary integer such that s � 2 n

(2 k)1=` . Let W1; : : : ; Wk bearbitrary disjoint subsets
of 
 each of size`. LetSbea subsetof 
 of sizes which is chosenindependentlyanduniformlyat random.
Then

Pr [9j 2 [k] : (W j � S)] �
1
4

:

Proof : We �rst observe that we canfocuson the casek � n
2 , becauseif k > n

2 , thenevery setW i

containsexactly oneelementandthenwe immediatelygetPr[9j 2 [k] : (W j � S)] � 1
2 . Furthermore,

sincek � n
2 yields` + n - `

(2 k)1=` � 2 n
(2 k)1=` , it is suf�cient to consideronly thecases = ` + n - `

(2 k)1=` . Next, by
Boole-Benferoniinequalitywe obtain

Pr [9j 2 [k] : (W j � S)] �
kX

j = 1

Pr[W j � S] -
X

1� i<j � k

Pr[(W i [ Wj ) � S] :

Furthermore,we observe thatfor every j 2 [k] it holdsthat

Pr[W j � S] =

� n - `
s- `

�

� n
s

� =
(n - `)!

(s - `)! (n - s)!
�

s! (n - s)!
n!

=
(n - `)! s!
n! (s - `)!

=
`- 1Y

r= 0

s - r
n - r

:

Similarargumentscanbeusedto show thatfor every i; j 2 [k], if i 6= j , thenit holdsthat

Pr[(W i [ Wj ) � S] =

� n - 2 `
s- 2 `

�

� n
s

� =
2 `- 1Y

r= 0

s - r
n - r

=
`- 1Y

r= 0

s - r
n - r

�
`- 1Y

r= 0

(s - `) - r
(n - `) - r

:

Hence,Boole-Benferoniinequalityimpliesthat

Pr [9j 2 [k] : (W j � S)] � k �
`- 1Y

r= 0

s - r
n - r

-
�

k
2

�
�

`- 1Y

r= 0

s - r
n - r

�
`- 1Y

r= 0

(s - `) - r
(n - `) - r

= k �
`- 1Y

r= 0

s - r
n - r

�

 

1 -
k - 1

2
�

`- 1Y

r= 0

(s - `) - r
(n - `) - r

!

� k �
`- 1Y

r= 0

s - `
n - `

�

 

1 - k �
`- 1Y

r= 0

s - `
n - `

!

= k �
�

s - `
n - `

� `

�

 

1 - k �
�

s - `
n - `

� `
!

:

Now, sincewe assumedthats = ` + n - `
(2 k)1=` , our calculationsabove yield Pr[9j 2 [k] : (W j � S)] � 1

4 ,
andthusthelemmafollows. 2
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