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Abstract

GivenaEuclideargraphG overasetP of n pointsin theplane we areinterestedn verifying
whetherG is an Euclideanminimum spanningree (EMST) of P or G differsfrom it in more
than n edgesWe assumehatG is givenin adjaceng list representatioandthe point/vertex
setP is givenin anarray We presenta propertytestingalgorithmthatacceptggraphG if it
is an EMST of P andthatrejectswith probability atdeast% if G differsfrom every EMST of
P in morethan p edges.Ouralgorithmrunsin O(' n= log?(n=)) time andhasa query

complity of O( n= log(n=)).
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1 Intr oduction

Theproblemof nding a minimumspanningreein a graphbelongsto oneof the mostfundamentaprob-
lemsin algorithmic graphtheory In this paperwe study a relaxationof this problemfor the classof
geometrig Euclidean)graphs We investigatethe problemof testingwhethera givengraphG is aminimum
spanningreefor a setof pointsP in theplaneor it is far from ary minimumspanningreefor P.

We considera setP of n pointsin the EuclidearplaneR? andageometriggraphG = (P, E) with vertex
setP andedgesetE. GraphG = (P, E) is calleda Euclideanminimumspanningree (EMST)of point setP
if G is aminimumspanningreeof thecompleteEuclideangraphof P. The completeEuclideangraphis a
completeweightedgraphwhereeachedgee = (p;q) 2 P P hasweightequalto the Euclideandistance
betweernp andq. For simplicity, we malke a standardassumptiorin computationajeometrythatP is in
generalposition,i.e., all edgeweightsaredistinct. In this caseit is knowvn thatthe EMST is unique(see,
e.g.,[9]). We assuméehatG is givenin adjacenyg list representatioandthesetP is givenin anarray

Themainresultof this paperis a propertytestingalgorithmthatfor a givenP andG acceptgheinputif
G isthe EMST of P andthatrejectswith probabilityat@astzz?)every graphG thatdiffersfrom the EMST
of Pin morethan n edges.Ouralgorithmrunsin O(' n=  log?(n= )) time andhasquerycompleity
of OC n= log(n=)).

Noticethatsincethe compleity of nding the EMST for a setof n pointsin R2is (n logn) (evenif
anapproximatesolutionis sought),our resultprovidesa @(" n)-time, thussublineaitime approximation
procedureo testif agivengeometriographis theEMST.

1.1 Relatedreseach

Our resultlies on the intersectionof classicaloptimizationand propertytesting. We study the classical
optimization minimum spanningtree problemand our goal is to approximatelyverify if a given graph
is a minimum spanningtree. Our resultfollow the framewvork of propertytesting[12, 23], which is the
computationataskto decideif a givenobjectsatis esa certainpredetermineghroperty(in our case input
graphis a minimum spanningtree) or is far from every objecthaving this property If the input object
neitherhasthe propertynor is far from it, thenthe algorithmmay answerarbitrarily Thus,the outcomeof
apropertytestingalgorithmcanbe seenasanapproximatiorof a propertyof theinput.

The mainreasorof increasingoopularityof propertytestingin recentyears(see.e.g.,suneys [10, 11,
22)) isthatfor avarietyof problemgheframavork of propertytestingcanleadto sublineartimealgorithms,
thatis algorithmsthatcanapproximatelyerify if anobjecthasagivenpropertywithouttheneedio examine
the whole object. This hassomepotentialapplicationsin massie datasetsand other situations,when
evenreadingthe input might be prohibitively expensve. In a sequencef papersyariouspropertytesting
algorithmshave beendevelopedfor a variety of problems,startingwith graph problemsthrough string
problemsto problemson matrices seethesurwey works[10, 11, 22] andthereferencesherein.

In this paperwe presentfor the rst time a propertytestingalgorithmfor the minimumspanningtree
(MST) problem. The problemof nding an MST is one of the mostfundamentaland most extensvely
studiedproblemsin algorithms. For arbitrary graphs the currentlyfastestdeterministicalgorithmdueto
Chazellerunsin time O(n + m (m; n)) [2], wheren is the sizeof the vertex setandm is the numberof
edgesn theinput graph(seealso[21]). Kargeretal. [16] gave a lineartime randomizedalgorithm. The
problemof verifyingif theinputgraphis aminimumspanningreeof anothergraphin thegenerakasehas
beeninvestigatedn a seriesof paperd8, 17, 19], whereO(n + m)-time algorithmshave beengiven. A
bettersituationis known for Euclideangraphsin RY. In the caseconsideredn the currentpaper thatis



for d = 2 (ontheplane),ShamosandHoey [24] gave anO(n logn)-time algorithmfor nding anEMST
(noticethatin thiscasem = (n?)).

Recently (after publishingthe preliminary version[6] of the currentpaper)threesublineaitime ap-
proximationalgorithmshave beenpresentedor the problemof estimatingthe weightof the MST. These
algorithmsaredesignedn a similar a vor asthatin propertytesting.Chazelleetal. [3] presentecdnalgo-
rithm that,givena connectedyraphin adjaceng list representatiowith averagedegreeD, edgeweightsin
therange[l::: W], andaparameted < " < %,approximates;vith high probability theweightof aMST in
time @(D W "~ 3) within afactorof (1+ "). Czumajetal. [4] gavea®(' n poly(1="))-time for asimilar
problemfor geometricgraphs,but this algorithmis assuminghatthe input graphis provided on a top of
someadditionalgeometricdatastructuresRecently CzumajandSohler[5] obtainedan @(n poly(1="))-
time algorithmthatestimateshe weightof the MST in ary metricgraphto within afactorof (1 + ").

1.2 Outline

After we introducesomebasicnotationin Section2, in Section3 we develop a propertytesterfor disjoint-
nessof geometricobjectswhichis usedasa subroutingn the EMST tester Next, in Section4, we present
our propertytestingalgorithmfor the EMST problem.

2 Preliminaries
We startwith somebasicde nitions neededn this sectionbeforewe discusgheinput representation:

De nition 2.1 A geometricgraphfor P is a weightedgraph G = (P, E) with vertex setP and edg set
E P P (theedgescanbeinterpretedasstraight-line sgmentsconnectinghe endpoints).Theweightof
anede (p; q) is implicitly givenby the Euclideandistancebetweerp andq in R?.

De nition 2.2 A geometricgraphfor P thatis the minimumspanningreeof thecompletegeometricgraph
for P is calledthe Euclidearminimumspanningree(EMST) of P.

Next we de ne whenagraphis “far” from theEMST. Typically, adistancaneasurdor graphproperties
depend®nthenumberof entriesin thegraphrepresentatiothatmustbechangedo obtainagraphthathas
thetestedproperty

De nition 2.3 LetG = (P,E) bea geometricgraphfor P andlet T = (P, E) bethe Euclideanminimum
spanningtreeof P. WesayG is -far from beingthe Euclideanminimum spanningreeof P (or, in short,
-farfrom EMST) if onehasto modify(insertor delete)morethan n edgesin G to obtainT, thatis :

JEnEj+ JEng > n:

Input representation. We assumehat both the point setandthe graphare given asan oracle,andthe
point setis representetdy afunctionf : [n]! R? (hereandthroughouthe paperwe will usethe notation
[n] := f1;:::; ngfor the setof integer numberdetweenl andn). Thealgorithmmay querythe oraclefor
thevalueof f(i) for somei 2 [n] andgetsin returnthe positionof thei-th point of P.
Thegeometriographis givenin the unboundedengthadjacencylist representatiorintroducedn [20].
The unboundedengthadjaceng list modelis a generalmodelfor sparsegraphs. The graphstructureis
representeddy adjaceng lists of varyinglength. Our propertytestermay queryfor the degreedeg(p) of a
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vertex p andfor eachi  deg(p) it may queryfor thei-th neighborof p. We representhe vertex setof
our graphby the setof numbergdn]. Thuswe caneasilyobtainthe positionof avertex p from the point set
representatioby queryingfor thevalueof f(p).

The goal of propertytestingis to develop ef cient propertytestes. A propertytesterfor EMSTsis an
algorithmthatgetsa distanceparameter andthesizen of theinput point setP (which equalsthe number
of nodesof G). The propertytesterhasoracle accesdo thefunctionf representinghe point setandto the
graphG. A propertytesteris analgorithmthat:

acceptsG, if G istheEMST of P, and
rejectsG with probabilityatleast2, if G is -farfrom

1If G isneithertheEMST nor -farfrom it, thenthe outcomeof the algorithmcango eitherway.

Complexity of property testers. Therearetwo typesof possiblecompleity measurefor propertytesters:
The querycompleity andtherunningtime The querycomplity measureshe numberof queriesto the
oracleasled by a propertytestingalgorithm. If onecountsalsothe time the algorithmneedsto perform
othertasksthanqueryingtheinput functionvalues thenthe obtainedcompleity is calledthe runningtime
of thepropertytester

3 Disjointnessof geometricobjects

Beforewe startworking onthe EMST problemwe rst considera simplerproblemof disjointnessof geo-

of arbitrarygeometricobjects,eachbeingan (implicitly representeddubsebf RY. Our goalis to testif all
objectsin O arepairwisedisjoint Two geometricobjectsO; andO; aresaidto bedisjointif O; \ O; = ;.

disjoint,1 i;j n.

We represensetsof geometricobjectsby afunction' :[n]! R whereR containgmplicit represen-
tationsof all geometricobjectsof a certainclassof objects,e.qg. all line sggments points,or rectangle For
example,whenwe considersetsof line segmentsin theRY thenR = RY RY. The propertytesterfor
disjointnesof geometricobjectsis usedlaterwhenwe designa propertytesterfor the Euclideanminimum
spanningree.

De nition 3.1 AsetO ofn objectsin theR% is -far frombeingpairwisedisjointif onehasto remazemore
than n objectsfromO to obtaina disjoint setof objects.

Testingalgorithm. We considetthe following propertytesterfor disjointnesof geometricobjects.

DISIOINTNESSTESTER(sé of arbitrgrygeometricobjectsO)
ChooseasetS O ofsize8 n= uniformly atrandom
if Sis disjointthen accept
elsereject

Weconsidemone-sidecrror model,thoughin theliteraturealsoatwo-sidederror modelhasbeenconsideredse€(10, 11,22].



Theorem1 Algorithnlpﬂjl NTNESSTESTER isa propeﬁtytisterfor disjointnessf geometricobjects.lts
guerycompleityisO(" n= ) andits runningtimeis T(8 n= )+ O(1), whee T(m) isthetimeto decide
whethera setof m input objectsis disjoint.

Proof: Wehaveto provethat(1) algorithmDiISIOINTNESSTESTER accept®very setof disjointgeometric
objectsand(2) thatit rejectsevery setof geometricobjectsthatis -far from disjoint with probability at
least2=3

Part (1) is immediate:If O is pairwisedisjoint, the every subsetof O is alsopairwisedisjoint andso
algorithmDISJOINTNESSTESTER accept.

Thuslet ussupposeahatO is -far from disjointandprove part(2). It is easyto seethatwe canapply
k = n=2timesthefollowing procedurgo O: pick a pair of intersectingobjectsW;, i 2 [k], andremove
it from O. In orderto prove thatDISIOINTNESSTESTER is a propertytesterit is sufcient to shav thatwith
probability at least2=3 at leastone of thesepairsis in the samplesetS. We apply LemmaA.l [7] (see
AppendixA) andstandardampli cation aguments. We considerthe sampleset S asfour independently
selecteasetsS;; S,; S;; S, eachof size# andthenapplyLemmaA.1 to obtain:

Y
Pri9j 2 [k]:(W; 9)] 1- (1- Pr[9j 2 [K]:(W; S§)D 1- (3=9*% 2=3:
1i 4

4 TestingEuclidean minimum spanningtr ees

We begin with a simpleclaim that statessomebasicpropertiesof Euclideanminimumspanningrees(see,
e.g.,[9, 18)):

Claim 4.1 EveryEuclideanminimumspanningtreeof a point setin geneal positionin R2 hasmaximum
degreelessthanor equalto ve, is connectedandits straight-lineembeddings crossing-fee 2

Now we wantto introducesomeadditionalnotationthatwill beusefulto simplify thedescriptionof the
algorithmandits analysis.

De nition 4.2 For agivenpointsetP, ageometriographG = (P, E), andtheEuclideanminimumspanning
treeT = (P,E) of P, the EMST-completionof G is thegeometricgraphG¢ = (P,E[ E) thatcontainsall
edgsthatareinGorinT.

In the next subsectiorwe will presenta propertytesterfor EMST that works for a specialclassof
inputgraphswhich we call well-shapedTherestrictionto well-shapedyraphssimpli es theanalysisof the
algorithmandit allows a clearview ontheimportantfeaturesof the propertytester

De nition 4.3 We call a geometricgraph G well-shapedf
it hasmaximundegreeof 5,
it is connectedand

the straight-lineembeddingf its EMSTFcompletions crossing-fee



Noticethatby Claim 4.1, if a geometricgraphG is the EMST of P thenit is well-shaped.Of course the

reverseis nottrue. Still, hovever, we can rst testif theinput graphG is well-shapedandonly if it is, we

cantestif it istheEMST of P. This suggestshefollowing line of theattack:We rst testif theinputgraph
is far from a well-shapedyraph. If thisis the casethenwe canrejectthe graphby Claim 4.1. If theinput

graphpasseshetest,thenwe know thatwith goodprobabilityit is eithercloseto awell-shapedyraphor it is

well-shapedlf thegraphis well-shapedve canusethetestingalgorithmfor the specialcaseof well-shaped
graphsthatwill bepresentedn Sections4.1-4.3.Then,in Sections4.4—4.5we shav thatwe canrelaxthe

assumptiorthatthe graphis well-shapedandthe algorithmwill work alsofor graphscloseto well-shaped.
Thiswill establistour algorithm.

4.1 Propertiesof EMSTs in well-shapedgraphs

We now designa propertytesterfor EMST for the casethat our input graphis well-shaped First, we give
anovervien of thealgorithm.

Let G denotea well-shapedyeometricgraphwith vertex setP. We rst pick asamplesetS P using
somerandomizedschemeo bedescribedater Next, we nd the subgraphGs of G thatis inducedby the
vertex setS. Thenwe computethe EMST-completionof Gs. If the EMST-completionhasa cycle thenwe
rejecttheinput, otherwisewe accept.

Now, we proceedwith the details. We rst shav thatif the EMST-completionof Gg containsa cycle
thenwe canalwaysrejecttheinput graph.We usethefollowing lemmawhich follows easilyfrom standard
theoryof minimum spanningrees(see,e.g.,[25, Chapter6]). (This lemmamakesuseof the factthatthe
EMST of Pis unique.)

Lemma4.4 LetS P beasubsetofP andletp;q 2 S. If theedge e = (p; q) doesnot belongto the
EMSTof S, thene doesnot belongto the EMSTof P.

Proof: The proofis by contradiction. Let us supposehat e doesnot belongto the EMST of S ande
belonggotheEMSTT of P. Theremoval of ein T cutsT into two trees.Thesetwo treesinducea partition
of P into two subset$; andP,. Sincee belongsothe EMST of P, e mustalsobetheshortesedgebetween
thesetwo subsetsLet S; = P\ SandS, = P, \ S. P, andP, arenotemptysinceonevertex of e isin
eachof thesets. Thene is alsothe shortestedgebetweenS; andS, andthereforeit belongsto the EMST
of S; contradiction. 2

Thefollowing aretwo immediateconsequences Lemma4.4thatwe will uselaterin thepaper

Corollary 4.5 LetG bea geometricgraphfor P. LetS P andlet Gg bethesubgaphof G inducedby S.

If the EMSTFcompletionG%= (P, E9 of G containsa cycle? C = (po;:::;pk) oflengthk 3 with

If the EMSTcompletionof Gg containsa cycleC = (po;:::;pk) oflengthk 3, thenG is notthe
EMSTof P. 2

Now let us consideran input graphG = (P,E) thatis -far from EMST. Our goal is to designa
randomizedsamplingschemesuchthatthe EMST-completionof the subgraplof G inducedby the sample

2Here,C = (po;:::;pk) is acycle (of lengthk) if p; 2 Pforalli 2 [k], po = p«, (pi- 1;pi) 2 E%foralli 2 [k] and
pi 8 p; foralli;j 2 [k],i 6 j.



setcontainsa cycle with high probability Let T = (P, E) betheEMST of P andlet Gc = (P, E[ E) be
the EMST-completionof G. In the following we referwith red edgeso the edgesin E n E andwith blue
edgedo theedgesn E. (Noticeafundamentatifferencebetweerredandblue edgesjn thatrededgesare
givenimplicitly only, sincethey do notbelongto theinputgraphG.) We will shav thatin ouranalysisijt is
sufcient to focuson “short” cyclesthatcontainatmosttwo rededges.

De nition 4.6 LetC bea cycleof lengthk in the EMSTFcompletionof G. We call C -shortif (1) it is of
lengthk, wheek 72 and(2) it containsat mosttwo rededges.

In our algorithmwetry to nd -shortcyclesthatsatisfysomeadditional“topological” properties We
will exploit thefactthatG is well-shapedin particular thatthe EMST-completionof G hasa crossing-free
straight-lineembeddingHencewe will useatopologicalrepresentationf thegeometriagraphG to exploit
the fact that every minimal cycle in a (well-shaped)planargeometricgraphcorrespondgo a facein its
straight-lineembeddingln orderto usethis approachn aformalframevork wewill consideithegeometric
graphG not only asan undirectedgraph,but at the sametime alsousingits “directed” representatiofy
“replacing” eachundirectededge(p; q) by two directededgedp; qi and[q; pi.

Figurel: A straight-lineembeddingandits planarmaprepresentation.

For everyvertex p in G we (cyclically) sortincidentoutgoingedgesn clockwiseorderaroundthevertex
p with respecto the Euclideanpositionsof the edges'endpoints.(This sortingis doneonly implicitly, but
sincewe assumdhateachvertex hasa constandegree— atmost ve, eachtime we considera vertex we
canin constantime sortits incidentedges.)Thesuccessoof adirectededgelp; gi istheedgelq; ri where
r is thevertex adjacento q thatprecede® in theadjaceng list of q (sortedin clockwiseorderaroundq);
if g hasdegreeone,thenr = p. Furthermorefor anedgee = [p;qi in G thekth successqgrk 0, is
de ned recursvely asfollows: the Oth successoof [p; qi is [p; qi itself, andfor k > 0, thekth successor
of [p; qi is thesuccessoof the (k - 1)stsuccessoof [p; gi. Similarly, edgee is the predecessoof edge
elif edgeelis the successoof edgee, ande is the kth predecessoof e®if e®is the kth successoof e.
With thesede nitions, cyclesof succeedingdgescorrespondo facesof the straight-lineembeddingSuch
arepresentationf G is calleda planar mapfor the straight-lineembeddingf G (seeFigurel). We denote
it 6.

We have introducedheplanarmaprepresentationf agraphG becausé describeshefacesof thecor
respondinggmbeddingn a simpleway (usingsucceedingdgesn €). We obsenre thatthe correspondence
betweenthe facesin the embeddingpf G andthe cyclesof succeedingdgesin € is oneto one. We also
notethateach(directed)edgeis containedn exactly onecycle of succeedingdges.



the EMST-completionof G. ThenC is calledtopolaggical if for every two consecutie edgeson the cycle
[Pi; pPi+1i and[pi+1; Pi+21, [Pi+1; Pi+2i isthesuccessoof [p;; pi+1i. We alsocall thecorrespondingycle
in G topological.

The following key lemmashaws that every well-shapedyeometricgraphthatis far from EMST must
containmary shorttopologicalcyclesin its EMST-completion.

Lemma4.7 LetG = (P, E) bea well-shapedjeometricgraphfor P. If G is -far from EMST thenthere
areatleastz; -shorttopolggical cyclesin the EMSFcompletiorof G.

Proof: LetT = (P,E) betheEMST of P. Let Eg = EnE denotetheblueedgesn theEMST-completion
of G andlet Egr = E n E denotetherededgedn the EMST-completionof G. SinceG is -farfrom EMST,
we have jEgj + JER] > n by de nition.

Now, let H denotethe EMST-completionof G andlet B denotethe planarmap of its straight-line
embeddinglLet denotethe numberof facesin the straight-lineembeddingf H. Then, A has disjoint
topologicalcyclessinceeachfaceis boundedby a uniguecycle of succeedingedges.SinceH is planar
connectedandhasmorethann - 1+ n=2 edgeswe applyEuler'sformulato deducehat n=2.

Now, let s(f },denotethe numberof (directed)edgesn thetopologicalcycle boundingfacef. Sinceby
Euler'sformula  ;s(f) 6n,therecanbeatmost n=8 ; facesf with s(f) 48 Thereforethere
areatleast®- facesf with s(f) < 28.

SincegERj , thenumberof directedrededgess atmost2 . Hence thenumberof topologicalcycles
with 3 or morered edgescanbe at most%. Sincewe have shavn thatthereare at Ieast3T topological
cycleshaving lessthan @ edgesatleast; -y of themhave at mosttwo rededges. 2

Let G be a well-shapedyeometricgraphfor P. For every vertex p 2 P, we de ne its topolagical k-
neighborhoodasthesetof verticesthataretheendpointof theedgeghatareeitherthei th successoof ary
edgeincidenttop,0 i Kk, orthejth predecessauf ary edgeincidenttop, 0 j k. Thetopological
k-neighborhooaf avertex p is denotecdN & (p; k).

Thefollowing claim follows from thefactthatevery well-shapedyraphhasmaximumdegreeof 5.

Claim 4.8 LetG beawell-shapedjeometriagraphfor P. For everyvertexp 2 P, wecan nd itstopolayical
k-neighborhoodn time O (k). 2

4.2 Simple property testerin well-shapedgraphs

Now we arereadyto presenbur rst propertytesterfor testingif theinputwell-shapedyraphis the EMST
of a given input point set. Later, in Section4.3 in Lemma4.18, we presenta fastey but more comple
algorithm.

Our rst approachis to sampleuniformly at randoma sufciently large setQ of pointsin P. Then
we addto the samplesetthe topological Z2-neighborhooaf every pointin Q. Providedthatthe setQ is
sufciently large,we prove in Lemmad4.12thatif G is -far from EMST, thenthe obtainedsetof vertices
will containacertain -shorttopologicalcycle in the EMST-completionof G with probability atleast2=3
By Corollary4.5,thiswould certify thatG is notanEMST.

We assumehatG is well-shapedNotice rst thatevery -shorttopologicalcycle either

1. is acycle consistingof atmost 2 blueedgespr

2. is apathconsistingof atmost/2 blueedgesvhosetwo endpointsareconnectedy a rededge or
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3. is apathconsistingof atmost 22 blue edgesvhosetwo endpointsareconnectedy a pathconsisting
of exactly two rededgespr

4. consistsof two pathscontainingat most 22 blue edgesvhoseendpointsareconnectedo eachother
by two rededges.

We rst obsere thatif therearemary -shorttopologicalcyclesof type (1) or (2), thenwe caneasilyspot
them.

Lemma4.9 LetG = (P,E) be a well-shapedjeometricgraph. If the EMSTFcompletionof G containsat
leastgy -shorttopolagical cyclesof type(1) or (2), thenasetQ P of size4000= choseruniformlyat
randomwith probability at Ieast% containsat leastonevertex froma -shorttopolaical cycle

Proof: SinceG is well-shapedit hasa maximumdegreeof 5 andthereforethe EMST-completionof G
hasmaximumdegreeof atmost10. Thus,everyvertex p 2 P is containedn atmost10 -shorttopological
cycles.ThisimpliesthatthesetP¢ of all verticesthatarecontainedn atleastone -shorttopologicalcycle
(of type (1) or (2)) hascardinalityatleastszgs. Now, if we chooseasetQ P of size 299 takenuniformly
atrandomfrom P, then

. jPcj 9 Qi1
PriQ\ Pc =] 1 o 1 2000 3
Therefore,
2
PriQ\ Pc 6 ;] 3 :

2

Next, we obsere thatfor ary -shorttopologicalcycle C of type (1) or (2), for every vertex v from C
all otherverticesfrom C belongto the topological 22-neighborhoodf v. This motivatesusto de ne the
samplesetS asthe topological 2-neighborhoodf all verticesin Q. SincethesetQ containsat leastone
vertex from ary -shorttopologicalcycle of type (1) or (2) with probability at least2=3 we canconclude
thatS containsall verticesfrom a particular -shorttopologicalcycle of type (1) or (2) with probability at
Ieast%. Sinceevery vertex of thetopologicalcycle is containedn our samplesetwe know by Corollary4.5
thatthe EMST-completionof the subgraphnducedby our samplecontainsa cycle. Thusour propertytester
rejectstheinputwith probability% if itis -farfrom EMST andits EMST-completioncontainsatleast 5y

-shorttopologicalcyclesof type (1) or (2).
We cansummarizeour discussiorabove in thefollowing lemma.

Lemma4.10 Let G = (P,E) be a well-shapedyeometricgraphandlet Q P be a setof size4000=
choseruniformly at randomfromP. If the EMSFcompletionof G containsat least 555  -shorttopolagical
cyclesof type(1) or (2), thenthe set

[ 72
S = NP p;—
pP2Q
containsall verticesof at leastone -shorttopolagical cyclewith probability at least2=3 2



The -shorttopologicalcyclesof type (3) and(4) aremoredif cult to detect.However, we canstill use
avery similarapproactasfor cyclesof type (1) or (2), but thistime we must nd two verticesthatbelongto
thesame -shorttopologicalcycle. Supposehatin theEMST-completionof G thereareatleast 55 -short
topologicaﬂqilesof type (3) or (4). As before,we rst take arandomsubseQ of P, but thistime the size
ofQis ( n= ). Then,wede ne thesamplesetS to bethe unionof thetopological 2-neighborhoof
all verticesin Q. We shav now thatthesode ned samplesetis sufcient to certify thatG (if itis -farfrom
EMST)is notanEMST by proving ananalogoustatemento Lemma4.10for cyclesof type(3) and(4):

Lemma4.11 LetG = (P,E) bea well-shapedyeometricgraphandlet Q P be a setof size80IO n=
choseruniformlyat randomfromP. If the EMSFcompletionof G containsat least 555  -shorttopolagical
cyclesof type(3) or (4), thenthe set

[ 72
S = NP p;—
p2Q

containsall verticesof at leastone -shorttopolagical cyclewith probability at least2=3

Proof: Forevery -shorttopologicalcycle C of type(3) let usde ne thesetW ¢ to containtwo vertices:
onevertex on the blue pathin C andthe vertex incidentto the two red edgesin C. Similarly, for every
-shorttopologicalcycle C of type(4) let usde ne thesetW ¢ to containonevertex from the rst bluepath
in C andonevertex from the secondlue pathin C.
Sinceeachvertex p 2 P belongsto at most10 -shorttopologicalcycleswe canselectfrom the sets

Wc thesetsWi, 1 i 5555, Suchthatthe setsW; aredisjointandfor eachi, 1 i 555, thereis
an -shorttopcﬂogicalcyclecWith W; = Wc. Thenwe applyLemmaA.1[7] withk = 75, = 2, and
s= #0 =20 n= andobtain
i . -4 2
Pri9j 2 [k]:(W; Q)] 1- (1- 1=9 3"
Now obsere thatif W Q thenall verticesof acycle C arein S. Thereforethelemmafollows. 2

Now we arereadyto prove thatthefollowing algorithmis a propertytesterfor EMST:
' $

EM ST—TEBT—SIMPLE(G; )
s=80 n= + 4000=
chogseasetQ P of sizes uniformly atrandom
S= " q2qNg' (@i %)
computethe subgraphGs inducedby S
computethe EMST-completionG¢ of Gg
if G¢ containsacyclethen reject

elseaccept
& %

Lerr|10ma4.12 Let G be a well-shapedgeometricgraph for P. Thenthere is a propertytesterthat in time
0] n= 3 log(n= ) andwith querycompleity O(' n= 3) acceptgheinputif G is an EMSTof P and
rejectstheinputwith probabilityatleast% if Gis -far fromEMST



Proof: By Corollary4.5,if theinputgraphG = (P, E) istheEMST thenEM ST-TEST-SIMPLE accepts.

Now let usconsidertthe casewhenG is -farfrom EMST. Thenby Lemma4.7 we know thatthereare
n=100 -shorttopologicalcyclesin theEMST completionof G. It follows thatthereare n=200 cyclesof
type(1) and(2) or n=200 cyclesof type(3) or (4). By Lemma4.10and4.11weknow thatthesampletaken
by EMST-TEST-SIMPLE containsan -shorttopologicalcycle with probability at least2=3 By Corollary
4.5 we know thatthenthereis a cycle in the EMST-completionof the subgraphinducedby our sample.
Hencethealgorithmrejectsin sucha case.

Thequerycompleity of the algorithmis immediate.lts runningtime follows from Claim 4.8 andthe
factthatthe EMST completionof a graphwith m verticescanbecomputedn time O(m logm). 2

4.3 Impr oved property testerin well-shapedgraphs

In thissectiorwe presenaimodi cation of thepropertytesterEM ST-TEST-SIMPLE(G; ) thathasaslightly
bettercompleity. In ouranalysisabosre we werealwaystrying to catchoneinitially x edsinglevertex from
eachblue pathalthoughan -shorttopologicalcycle cancontainasmary as 22 vertices. We now wantto
take thelengthof thetopologicalcyclesinto considerationFurthermoreywe werealwaystakingtopological
’2_neighborhood®f all vertices. This stratgly shouldbe appliedto the cyclesthat have asmary as %2
edges,but it is not necessaryor shortercycles. Our approachnow is to improve the compleity of the
propertytesterby combiningthesetwo obserations. We shav thatif the input graphis well-shapedhen

thefollowing algorithmis a propertytesterfor EMST:
' $

EM STTEST(S;; )
s= 1700 n= + 192000= + 4000=
S=FINDCYCLE(G;S; )
computethesubgraphGs inducedby S
computethe EMST-completionG¢ of Gg
if G¢ containsacycle thenreject

elseaccept
& %

Wherethe procedurd=INDCY CLE is thefollowing:

FINDCYCLE(G;S; )
S(o) =
fori = 1to2sdo
=0
pick avertex p{) 2 P uniformly atrandom
whilej logZ2 do
=i+l
ip acoin
if headthen exit
SO = S0 NgP (p;2)
return S

%

Firstof all, we obsere thatby Corollary4.5algorithmEM STTEST acceptsvery Euclidearminimum
spanningree. Thereforewe only haveto prove thatif theinputgraphis -farfrom EMST thenit is rejected
with probabilityatleast2=3

10



Let usassumehatG is well-shapedand -farfrom EMST. Then,by Lemma4.7, thereareat least 155

-shorttopologicalcyclesin the EMST-completionof G. LetCj, j = 1,2;3;4, denotethesetof all -short
topologicalcyclesof type (j) in the EMST-completionof G. Now we considerseparatelgyclesin C; [ C;
andcyclesin C3[ C,. By ourdiscussiorabore we have eitherjCy [ Cpj g5 0rjCa[ Caj g5
Cyclesof type (1) and (2). SupposehatG is ageometriographfor P with maximumdegree5 andthere
areatleast' n  -shorttopologicalcyclesof type (1) or (2) in the EMST-completionof G for " = 55. We
rst considerthe probabilitythata x ed -shorttopologicalcycle C 2 C, [ G is containedn the sample
set.Let "~ denotethe numberof verticesin cycle C. Thenthe probabilitythatin roundi of the FINDCYCLE
procedurevertex p(l) is oneof the" verticesof cycleC i is . Furthermoretheprobabilitythatthetopological
neighborhooaf p() is choserlarge enoughto contalnall verticesof C is atleast 5~ L . Overall,for a x ed
cycle C the probabilitythata vertex of C is chosenin roundi andthatthetopologicalneighborhoodnf the
vertex is largeenoughis atleast%. If thecyclesarevertex disjointthenit is simpleto prove thatafterO( 1)
roundsat leastonecycleis completelycontainedn the samplesetwith constanprobability Unfortunately
in thegenerakasethe cyclesarenot vertex disjoint. To overcomethis technicalproblemwe usethe planar
map representationf G andthe following trick for the analysis:Insteadof taking the whole topological
2 -neighborhoof vertex p() we assumethatour algorithmselectsonly oneof the outgoingedged(in its
planarmaprepresentation)niformly atrandom. Thenit includesonly the 2 successorandpredecessors
of thechoseredgein the planarmaprepresentationf G. Clearly this procedureconsideronly a subsebf
theverticesconsideredn the original procedureNeverthelesswe canshav thatthe setof verticeswe pick
usingthis procedurss still sufciently large. We cannow usethe factthatthe (directed)cyclesareedge
disjoint. Assumethatwe pick avertex thatbelongsto a cycle C. Providedthatthe chosemeighborhoods
large enoughwe still have to choosethe correctoutgoingedgeto have all verticesof C in the sampleset.
Sinceour graphhasa degreeboundof 5 the probability thatthis edgeis chosenis atleastl=5 Sincetype
(2) cyclescon5|stof apathof - 1 (directed)blue edgeshe probabilitythatp () is oneof the™ - 1 origins
of theseedgess = 5 (adirectededgepointsfrom its origin to its destination. Hencethe probability
thata cycle C of type (1) or (2) is completelycontainedn the samplesetis at least 55— 20n We know that
the cyclesaredisjoint and so the probability that at leastone cycle is completelycontainedn the sample
setin roundi is atleasto;- = 5. Let Xc denotethe indicatorrandomvariablefor the eventthat cycle
C 2 C [ G iscompletelycontainedn thesampleset. Thenwe havefors 20="= 4000=:

Pr[f8C2 C [ G : X 0 1 o 1
r{ 1[ & Xc=10] " 20 3

andhence

PI’[QCZ Cl[ G Xe = l]

winN

andsowe have just proved:
Lemma 4.13 Let G be a geometricgraph for P with maximurmdegree5 that hasat least'n = 55 topo-

logical -shortcyclesoftype(1) or (2). If algorithmFINDCYCLE(G;s; ) isinvokedwiths  4000= then
thesetS(?® returnedby thealgorithmcontainsan -shorttopolagical cyclewith probability atleast 4. 2

Cyclesof type (3) and (4). Let G beageometricgraphwith maximumdegree5. Let usfurtherassume
thatthereareatleast" n topological -shortcyclesof type (3) and(4) in the EMST-completionof G, for

11



= 50 Weshav thatthesamplesetcomputedoy algorithmFINDCyY CLE containsevery vertex of atleast
one -shorttopologicalcycle with goodprobability

Recallthatcyclesof type (4) consistof 2 pathsof blue edgesconnectedy two red edges.Cyclesof
type (3) area specialcaseof type (4) cycles: The shorterpathhaslengthO. ForeachcycleC 2 C3[ Cy let
Xg) denotetheindicatorrandomvariablefor the eventthatall verticesof the longer(blue) pathof cycle C

arein S, Let Yg) betheindicatorrandomvariablefor the eventthatall verticesof the shorter(blue) path
of cycle C arein SO Furthermorelet (*1) betheindicatorrandomvariablefor the eventthatthereis a

cycleC2 Cg[ C4with X = 0andx{5) = 1. WesaythatacycleC 2 C3[ C, is half-containedn S

if X! = 1. cycleC is containedn SO if X{) = 1andY®) = 1.

We analyzethe algorithmin two steps.We rst shav thatwith high probabilitymary (atleast” s=80
topological -shortcyclesarehalf-containedn thesetS(S). Thenwe shaw thatthesetS(2%) containsatleast
onecycleC 2 C3[ C4 with high probability

Claim 4.14 Letthe outcomeof therandomchoicesin round1 toi of thefor-loop of FINDCYCLE be xed.
If

X . "
X < ; 1)
C2C3[ G4
then
h ( l) i n
P =1 — 2
' 40 @
Proof: Letusassumehat(1) holds.Thenwe obsere that:
X . " "
(M S n.,
Xe' < =
c 2 2’
C2C3[ G4

sinces n. Weconcludethatwe have morethan" n=2 cyclesin C3[ C, thatarenothalf-containedn S(").
If pi*1 is oneof the verticesof thelongerpathof oneof thesecyclesandif thetopologicalneighborhood
includedin FINDCY CLE islargeenoughthenwehave  (i+1) = 1. Toestimateheprobabilityfor (+1) = 1
we applythesameapproactasin theanalysidor thecaseof type(1) and(2) cycles. Thisyieldsimmediately
(observinghatwe have " n=2 cyclesinsteadof " n):
h i
(i+1) = 1
Pr =1 > 7n

1
5

Our next goalis to shav thatthereareatleast"s=80 cyclesthatarehalf-containedn S().

Claim 4.15
2 3

X (s) "s=300
Pr4 Xg' ~ "s=80p g 57300 .
C2C4[ C4

12



Proof :

3 2 3 2 3
X mn X n X n
pré x® S5 pré 0 55  pr4 B _S5 .
c 80 _ 80 _ 80 '’
C2C[ Cy 11 s 110 s
whereB() areindependen®-1 variableswith Pr[B() = 1] = "=40. The latter inequalityfollows from

Claim4.14.We now applya Chernof bound[15, inequality(7)] to obtain
2 3 2

X mn S X . 1 n s " _
pr4 X g2 Prd BO 15 25 et
C2C4[ Cy 1i s
2
LetW(+D denotetheindicatorrandomvariablefor theeventthatthereexistsC 2 C3[ C4 with Xg) =1

andY!) = 0andv{" Y = 1

Claim 4.16 Letthe outcomeof the randomchoicesin round1toi of the procedue FINDCYCLE be xed.

If
X o
0 S
X > —
c 80
C2GC3[ Cq
then h i "
pr wi+d :

1600n

Proof: We assumehattherearemorethan" s=80cyclesthatarehalf-containedn S{). Again, we use
essentialljthe sameapproachasin the caseof type (1) and(2) cycles. We obsenre thatthereis a problem
with cyclesof type(3). Sincethelengthof the shorterpathis 0 thereis no directededgein this path. Thus
we have to slightly modify our approach We usethe following samplingschemdor the analysis:Instead
of takingthe wholetopological2! -neighborhoodf p() we choosea numberk betweenl and6 uniformly
distributed. If k is betweeri and5 we includethe 2 predecessomndsuccessorsf thek-th edgeincident
top(®. In thecasek = 6 weonly includethevertex p() in thesample Thenwe getthatthe probabilitythat

acycle C is containedn thesampleis atleast.- -~ & = 5. Wehave morethan" s=80cyclesthatare
half-containedn S{V). Thereforewe obtairﬁthat:
I n
, s
pr w(+D :
1920 n

2

Lemma4.17 Let G be a geometricgraph for P with maximumdegree 5 that has at least" n =
topolagical -ﬁhor_tcyclesof type (3) or (4). ThenFINDCYCLE is ap algorithm with (expected)query

complgity O(' n= log(n=)) thatsamplesasetS P,jS 1700 n= + 192000=, sud thatthe
EMSTcompletiorof the subgaph Gz inducedoy S(?® hasan -shorttopolagical cycle

Proof: Let" = =200 andlet G be a geometricgraphfor P with maximumdegree5 that hasat least
" n topological -shortcyclesof type(3) or (4). By Claim 4.16,the probability thatthereis a cycle in the
EMST-completionof the subgraphinducedby S(29 s greaterthanor equalto

0 2 3 1

1 X " " s
_ @pral o 5. 1. A
1- =r X 8ot 1 Toom



Choosings 170d) n= + 192000=, this boundtogetherwith Claim4.15for n 4 impliesthatthe
probabilitythatthereis acycle in the EMST-completionof the subgraptinducedby S(29) is greaterthanor
equaltol- (e 2+ €% . 2

Obtaining deterministic query (‘Fprmlexity. It is easyto modify the algorithmsuchthatthe querycom-
plexity hasanupperboundof O( n= log(n= )) by insigni cantly increasinghe errorof the algorithm.
We cando thisin thefollowing way: We run algorithmEM STTEST andstop,if it eitheracceptor rejects
or if the samplesizebecomedoo large. Let X5 denotethe randomvariablefor the sizeof S(29). We stop
the algorithmandacceptthe inputif we nd outthatthe sizeof S(25 becomedargerthan10 E[Xg]. By
Markov inequalitywe have:

1 -
10 °
Henceit follows thatour new algorithmrejectsa geometriographthatis -farfrom EMSwathﬂ)bability

4=5- 1=10 2=3 Thusit is apropertytesterwith a deterministicooundof O(log(n= ) n= ) onthe
querycompleity of our algorithm(ratherthanexpectedquerycompleity).

Pr [XS lOE[Xs]]

Lemma4.18 LﬁtG_bea well-shapedgeometricgraph for P. Therbthﬁis a propertytesterthatin time
O(log?(n=) n= ) andwith querycompleity of O(log(n= ) n= ) acceptgheinputG if G is an
EMSTof P andthatrejectstheinput with probability atIeast% if Gis -far fromEMST

Proof: FollowsfromLemmas4.7,4.13and4.17. 2

4.4 Property testerin graphswith maximum degree5

Now we want to remove the conditionthat the input graphsare well-shaped. In this subsectionwe do
the rst steptowardsthat goal. We develop a propertytesterfor connectiity and crossing-freeEMST-
completions.Thenwe replacethe well-shapedconditionfor EM STTEST by the assumptiorthatthe input
graphhasmaximumdegreeb5. BeforeEM STTEST is invoked we testif theinput graphis =200-far from
connectedandif its EMST-completionhasa crossing-freestraightline embedding. Thuswe may assume
thatEM STTEST getsaninputgraphthatis =200-closeto connectednd =200-closeto having anEMST-
completionwith a crossing-freestraightline embedding(if this is not the case,the propertytestersfor
connectrity andcrossing-fre&eMST-completiongeject). Thisway we developa propertytesterfor graphs
with maximumdegree5. Thedegreeboundis thenremaovedin Sectior4.5.

4.4.1 Testingconnectiity

In the rst phasewe testwhethertheinput graphis connected We saya geometricgraphG for P is -far
from connectedf onehasto addmorethan n edgeso G to obtaina connectedyraph. If G is not -far
from connectedthenwe call it -closeto connected.

Remark 1 Letusnoticehere the equivalenitharacterizationof geometricgraphsfor P thatare -far from
connected—theseare geometricgraphsfor P havingmorethan n + 1 connecteddomponents.

Sincethe propertyof beingconnectedioesnot dependon the positionsof theinput pointsin P, we can
usea propertytesterfor connectrity in graphs.
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Lemma 4.19 [13] LetG beagraphwith degreeboundd. Connectivityof G canbetestedwvith O 'ng(%d)

timeandquerycompleity in the boundedengthadjacencylist modef.
We canimmediatelyapplythis resultto geometriagraphs:

Corollary 4.20 Let G be a geometricgraphfor P with maximumdegree5. Thele is a propertytesterthat
2(1= 2 (1=

intimeO '°9(=)  andwitha guerycompleity of O log” (1= ) acceptgheinputif G is connectednd

rejectstheinputwith probabilityatleast% if Gis -far fromconnected.

Proof: Werunthetesterfrom [13] withd = 5and %= =5. 2

4.4.2 Testingcrossing-feeEMST-completions

Next, we designa propertytesterthatacceptghe input graphif it is theEMST andrejectsit if the straight-
line embeddingf its EMST-completionis -farfrom crossing-freeWe saythestraight-lineembeddingf a
geometriggraphG for Pis -far fromcrossing-feeif onehasto removze morethan n edgesn G to obtain
acrossing-freestraight-lineembeddinglf thestraight-lineembeddingf G is not -farfrom crossing-free,
thenwe callit -closeto crossing-free.

We proceedn two steps.First, our propertytesterchecksfor pairsof intersectingblue edgesandthen
for intersectionbetweerblueandrededgesrededgesannotintersecbecause¢hey areedgef theEMST.

We rst usethetesterDISIOINTNESS developedn Section3to nd intersectiondetweerbluesggments
(inducedby blue edges).SinceG hasmaximumdegree5 it hasat most2:5n edges.Therefore sinceone
canverify in timeO(n logn) if ageometriggraphwith n verticeshascrossing-freatraight-lineembedding
[1], Theoreml impliesthefollowing result.

Lemma 4.21 Let G bea geometricgraphwith maximundegree5. Thee is a propertytesterthatin time
O( n= log(n=)) andwith the querycompleity of O(' n= ) acceptstheinputif the straight-line em-
beddingof G is crossing-feeandrejectstheinput with probability at Ieast% if the straight-lineembedding
of Gis -far fromcrossing-fee 2

It remainsto designa propertytesterfor red-blueintersectionsn the EMST-completionof G. (More
precisely we do not designa propertytesterfor the propertyof having no red-blueintersections. Our
algorithmmightrejectaninputgraphif its EMST-completionhasno red-blueintersectionsHowever, if the
input graphis the EMST thenit is alwaysacceptedy our algorithm.)A geometriographwith redandblue
edgeshasa straight-lineembeddingwithout red-blueintersectionsf thereis no intersectionbetweenthe
correspondinged and blue segments. Similarly, the straight-lineembeddingof a geometricgraphwhose
edgesarecoloredblueandredis -far fromhavingno red-blueintersectionsf onehasto deletemorethan
an -fractionof its edgego remove all red-blueintersections.

Themaindif culty with testingfor red-blueintersectionsn the EMST-completionof G is causedy the
factthattherededgesarede ned only implicitly, becausehey do notbelongto theinputgraphG. We will
usethe following lemmato study propertiesof intersectionof explicitly given blue edgeswith implictly
givenredones.

3In the boundeddegree graphmodel a graphis -far from connectedf one hasto addmorethan dn edgesto obtaina
connectedyraph.
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Figure2: A quadrilateralp; q; x; yi with redblueintersectionTherededgeis dotted.

Lemma4.22 Let pg be a red and Xy be a blue sgmentin the EMSTFcompletionof G. If pq and Xy
intersectead other thenedge (x; y) eitheris notin theEMSTof anysetcontainingfx; y; pgor (x;y) is not
in the EMSTof everysetcontainingfx; y; qg

Proof: Thepointsp; q; X; y arein corvex positionbecaus¢heseggmentgpq andXy intersectWe consider
the quadrilaterapxqy (seeFigure?). Let uscall theinneranglesin the quadrilateraht verticesp; g; x; y

tobe , , ,and ,respectiely. Letusrecallthatthelongestedgeof atriangleis oppositeof thelargest
angle.
If < sand < 5then or islagerthan, because + + + = 2 . Withoutlossof

generalitylet > -. Then,segmentpq is thelongestedgeof trianglepgx andthusis cannotboethe EMST
of fp; q; xg By Lemmad4.4thisis a contradictionto thefactthat(p; q) is anedgeof the EMST. Hencewe
musthave either 5 or 5

If » thensegmentxy is thelongestedgein trianglepxy . Henceedge(x; y) is notcontainedn the
EMST of p; x; y. By Lemma4.4it is alsonotcontainedn ary EMST of asubsebf P thatcontaing; x;y.
Similarly, if > thenedge(x; y) is notcontainedn ary EMST of asubsebf P thatcontainsg; x;y. 2

Thislemmashaws thateachred-blueintersectiorbetweerarededge(p; q) andablueedge(x;y) hasa
“witness” consistingof onepointz 2 fp; ggandtheedge(x; y) sothat(x;y) is notin the EMST of x; y; z.
Ourpropertytesterfor red-blueintersectionss similarto the DI1SJOINTNESS testerbut we useamodi ed
de nition of disjointnessproperty:We saythattwo pointsv; u 2 P intersectif thereis apointw 2 P such
thatatleastoneof (v;w) and(u; w) is ablueedgethatis notin the EMST of v; u; w.
We now arereadyto presenbpur propertytesterfor red-blueintersections:

REDBLUETEST(G; ) D
ChooseasetS® Pofsizel6 5n= uniformly atrandom
LetS= SO N (SY, whereN (S9 denoteghe setof neighborsf pointsin S°
Let Gs denotethesubgraphinducedby S
if theEMST-completionof Gg hasa cycle then reject

elseaccept
& %

Theanalysisof thealgorithmis similar to the analysisof thealgorithmDISIOINTNESS.

Lemma4.23 Let G be a geometricgraphfor P with maximurBJIeEeS. Algorithm REDBLUETEST runs
in time O( n= logn) and with the query compleity of O(' n= ), and acceptsthe input graph G if
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it is the EMSTof P and rejectsthe input with probability at Ieast% if the straight-line embeddingof the
EMSTcompletionof G is -far fromhavingno red-blueintersection.

Proof: Obviously, if G = (P, E) istheEMST thenalgorithmREDBLUETEST acceptss.

Let G¢c denotethe EMST-completionof G andlet usassumehatG¢ is -far from having no red-blue
intersections.By Lemma4.22, we canapply the following procedurek = n=20 times: pick a pair of
intersectinglaccordingto the de nition above) pointsfv;ug= Wi, i 2 [k], andremove all edgesncident
tov andu from G¢. By thedegreebound,we remoredat most10 edgedor thetwo vertices,andtherefore
this procedurecanbe performedatleastk times.

In orderto prove thatif G¢ is -far from having no red-blueintersectionshenREDBLUETEST rejects
G with probability atleast2=3 we shawv rst thatwith probability at least2=3oneof thesetsW;, i 2 [K],
isin SC We applyLemmaA.1 [7] to obtain:

Proj2[kl:(w; $9 1- (1- 3=49* 2=3:

It remaingto shaw thatif thereis asetW;  S°thenthealgorithmrejectstheinputgraph.If W; = fv;ug
SPthenthereexists a blue edgee = (v;w) (or e = (u; w)) suchthate is notin the EMST of v; u; w.
Thereforepy Lemma4.4,eis notin theEMST of S. HenceS hasacycleandREDBLUETEST rejects. 2

Finally, we cancombineLemmas4.21and4.23to obtainthefollowing result.

Lemma4.24 Let G be a geometricgraph for P with maxirgumdegree 5. Thee is an algorithm that in
timeO( n= log(n= )) andwith a querycompleity of O(' n= ) acceptsG if G is the EMSTof P and
rejectsG with probability at Ieast% if the straight-line embeddingf the EMSTFcompletionof G is -far
fromcrossing-fee

Proof: Let G be -farfrom having a crossing-freeEMST-completion. Then, eitherthe straight-line
embeddingf G is 5-far from crossing-freer the EMST-completionof G is »-farfrom having nored-blue
intersectionsApplying Lemma4.21andLemma4.23with = 5 shavsthatG is rejectedwith probability
atleast%. Sincethetesterfor blue-blueintersectiorandthetesterfor red-blueintersectiondothaccepthe
EMST, this completeghe proof of Lemma4.24. 2

4.5 Property testerin generalgraphs

It remainsto remove the degreeboundconditionfor theinput graph.We begin with alow degreetester

4.5.1 Property testerfor low degree

A geometricgraphG = (P,E) for Pis -far fromhavinglow degreeif onehasto remove morethan n
edgesn G to obtaina graphhaving maximumdegreesmallerthanor equalto ve. If G is not -farfrom
having low degreethenwe callit -closeto having smalldegree.

It is easyto seethatif G is -farfrom having smalldegree,thenthereareat Ieastp ~ n verticesin G
eitherhaving degreegreaterthan ve or having anadjacentvertex with degreegreaterthan ve. Therefore
the simplealgorithmthatpicksarandomsetSof 4 n= pointsin P andtestsif every pointp 2 Shasthe
degreesmallerthanor equalto 5 andif sothenit testsif every neighborof p 2 S hasdegreesmallerthanor
equalto 5, will detectwith probabilitygreatetthanor equalto % every geometriggraphG thatis -farfrom
having smalldegree.
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Lemma4.25 LetG bea gﬁom_etricgraphfor P. Theris a propertytesterthatin timeO(p n= ) andwith
thequerycompleity of O(" n= ) acceptgheinputif G hasthe maximundegreesmallerthanor equalto
5 andrejectstheinputwith probability at Ieast% if Gis -far fromhavingsmalldegree

Proof: Clearly ouralgorithmacceptsvery graphhaving maximumdegreeof ve. Let usassumehat
Gis -farfrom having smalldeggree. A vertex thathasdegreemorethan veor tgatis adjacento a vertex
with degreemorethan5 is calleda heavyvertex. Let S denotea sampleof size4™ n choseruniformly at
randomfrom P.

. p— F—
Pr [S containsno heary vertex] (1- 1= n= )* ™ 1=3:
It follows that
Pr [S containsaheary verte] 2=3:

Henceour algorithmrejectsevery graphthatis -farfrom having smalldegreewith probabilityatleast2=3
Thusit is apropertytester

Therunningtime andthe querycompleity follow from thefactthatsincethe degreeof everyp 2 Sis
lessthanor equalto 5, all operationsanbe performedn a constantime pervertex p. 2

4.5.2 Testerfor generalgraphs

To obtainatesterfor generalgraphswve modify thetesterfor graphwith degreeboundof 5 in thefollowing
way: We rst testwhetherthe input graphis =2 -far from having low degree (usingthe testerdescribed
below). Thenwe runthe propertytesterfor graphswith maximumdegreeof 5 afterapplyingthe following
modi cationsandwith distanceparametel = =2:

If duringthecourseof thealgorithmwe encounternvertex with degreegreatethan5, weimmediately
reject.

For eachvertex v 2 Swe alsoincludeevery neighborof v in G into the sampleset. This canbedone
withoutasymptoticallyincreasingherunningtime of thealgorithm(becausé we encountenavertex
with degreegreaterthan5 thenwe reject).

Clearly the abore modi cations do not affect the casewhenthe input graphis the EMST of the point

set:thealgorithmwill still acceptheinputgraph.Thuslet usconsiderthe casewhentheinputgraphG is

-farfrom EMST. If thelow degreetesterrejectstheinputgraph,we aredone. Thuslet usassumeéhatthe
input graphpasseshis test(andthusis =2 -closeto having low degree)butis -farfrom EMST. We call a
vertex of G adistinguisherif eitherit hasdegreegreaterthan5 or it hasa neighborwhosedegreeis greater
than5. Now we de ne thegraphG °to be a graphobtainedrom G by deletinga minimal setof edgessuch
thatG °hasmaximumdegreeof 5. Sincewe deletedessthan n=2 edgedrom G to obtainG ©, we conclude
thatGClis =2 -farfrom EMST.

In orderto analyzethe behaior of the modi ed algorithmwe considerthe (unmodi ed) algorithmfor
graphswith maximumdegreeb. Firstof all, we obsere thatif thereis a distinguishelin thesamplechosen
by the unmodi ed algorithmthenthe modi ed algorithmalwaysrejects. But if thereis no distinguisher
in the samplechosenby the unmodi ed algorithm then the graph“looks” like the graph G ® which has
maximumdegree5 andis =2 -far from EMST. If we run the unmodi ed algorithmon input G %it rejects
with probability2=3 Thusthemodi ed algorithmalwaysrejectswhentheunmodi ed algorithmrejectsG °
We concludethatthe modi ed algorithmrejectsG with probability atleast2=3becauset eitherrejectsor
it behaeslike theunmodi ed algorithmwith input G % Hencewe proved:
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Theorem 2 TheleisapropertytegeﬂtheEMSTpropertyWitharunningtimeofO(p n=) log?(n=))
andwith a querycompleity of O( n= log(n=)). 2
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Appendix

A An auxiliary samplingwithessedemma

In the papermwe areusingthe following lemmafrom [7](seealso[6]) thatshavs thatif we take a sampleof
sizesfromaset of n elementsthenwith goodprobabilitywe have atleastoneof k disjoint sets(eachof
size™) in our sample For the sale of completenessye presenthe proof of thislemmain the currentpaper

LemmaA.l Let beanarbitrary setofn eIementsLetk andl bearbitrary integers (possiblydependent

onn) andlet s beanarbitrary integer sud thats (2k)1- LetWy;:::; Wi bearbitrary disjointsubsets

of eadofsize'. LetSbeasubsebf ofsizeswhichis chosernindependentlanduniformlyatrandom.

Then
1

Prigj 2 [k] : (W; 9)] 2 :
Proof : We rst obsere that we canfocuson the casek % becausef k > % thenevery setW;
containsexactly oneelementandthenwe immediatelygetPr[9 2 [k] : (W; 9)] 1 Furthermore

; N i N n-" 2n i ; ; -
sincek 7 yields” + 2= ZOE , it is sufcient to considemnly thecases = ~ + (2k)1‘ Next, by

Boole-Benferoninequalitywe obtain

XK X
Pri9j 2 [k] : (W; 9)] Priw; 9] - Pri(Wi [ W;) 9] :
j=1 1 k
Furthermorewe obsenre thatfor everyj 2 [k] it holdsthat

v - ) I'(n - s)! -y Ylgo
Priw; 8§ = = = (n-_) stn- 9t _ (n- st _ s- 1,
s (s- (n- s) n! ni(s- O~ _ n-t
Similaramgumentscanbe usedto shawv thatfor everyi; j 2 [K], if i & |, thenit holdsthat
n-2° y-1 ¥1 ¥ 1 .
-2 S-r S-r s- )-r
Pritwi [ wWj) 9§ = Sn2 = n-r n-r ((n—‘))-r:
S r=0 r=0 r=0

Hence Boole-Benferoninequalityimpliesthat

Yls ¢ k Ylsor Yl(s- -

Pr9j2 k] : (W, )] K

n-r 2 n-r (n-)-r
r=0 r=0 r=0 I
Yis. ¢ k-lYl(s- )-r
= k 1- —— -~ 7
n-r 2 (n-")-r
r=0 r=0 :
¥io Yo -
ko D 1-k 2
r=0 ) r=0 ) I
= k S- . 1- k S'—‘
n- n -
Now, sincewe assumedhats = ° (2k)1_ , our calculationsabove yield Pr[9j 2 [k] : (W; 9)] %1,
andthusthelemmafollows. 2
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