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1 Introduction

1.1 Multi-connectivity problems

We survey the recent progress in the design of approximatibames for geometric variants of the following classical
optimization problem: for a given undirected weighted ¢raiind its minimum-cost subgraph that satisfies a priori
given multi-connectivity requirements. We present therapipnation schemes for various geometric minimum-cost
k-connectivity problems and for geometric survivabilityoptems, giving a detailed tutorial of the novel techniques
developed for these algorithms. We also shortly discusssidns to include planar graphs.

A classical multi-connectivity graph problem is as follovier a given undirected weighted graph, find its minimum-
cost subgraph that satisfies a priori given connectivityiiregnents.

Multi-connectivity graph problems are central in algomiiic graph theory and have numerous applications in
computer science and operation research, see, e.g., [18224, 35]. They also play very important role in the design
of networks that arise in practical situations, see, elg22, 30]. Typical application areas include telecommaitiar,
computer and road networks. Low degree connectivity problr geometrical graphs in the plane can often closely
approximatesuch practical connectivity problems (see, e.g., the dision in [22, 32, 35]). For instance, they can be
used to model the design of low-cost telephone networkscdrat'survive” some types of edge and node failure. In
such a model, the cost of the edge corresponds to the cosngfdyfiber-optic cable between the endpoints of the

edge plus the planned cost of the service of the cable. Funtre, the minimum connectivity requirement for a pair
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of vertices corresponds to the minimum number of edge am/de failures that must occur in the network before
the pair is completely disconnected. In practice, the latddue tends to be quite low, usually no more thasince
failures are assumed to be isolated accidents, such astfinesl@s [32, 35]. Note that the cost of lying a fiber-optic
cable between two points is roughly proportional to the thrgg the link (see, e.g., [32]).

In this work we survey approximation results for these peats restricted to geometric graphs and planar graphs.

The most classical problem we study is {Eiclidean) minimum-codt-vertex connected spanning subgragh (
VCSS) problemWe are given a set of n points in the Euclidean spa®? and the aim is to find a minimum-cost
k-vertex connected Euclidean graph spanning poinss(ite., a subgraph of the complete Euclidean grapl§)n

Throughout the paper we shall assume that the cost of thé gsapqual to the sum of the costs of the edges
of the graph. Furthermore, in the geometric case, the coanaédge connecting a pair of pointsy € R is
equal to the Euclidean distance between pongndy, that is, Z{L (xi —yi)?, wherex = (x1,...,xq) and
vy = (y1,...,ya). More generally, the distance could be defined using othensicsuch a$,, norms for anyp > 1;
all results discussed in this survey can be extended froriticédean case to othéy norms.

By substituting the requirement &fedge connectivity for that df-vertex connectivity, we obtain the correspond-
ing (Euclidean) minimum-codt-edge connected spanning subgraRhHCSS) problemWe term the generalization
of the latter problem which allows for parallel edges in thugpait graph spanning as the(Euclidean) minimum-cost
k-edge connected spanning sub-multigraptEHCSSM) problem

The concept of minimum-cogtconnectivity naturally extends to include thatdclidean Steinek-connectivity
by allowing the use of additional vertices, callSteiner points For a given sef of points inR<, we say that a
geometric graplG is a Steinerk-VCSS (or, Steinek-ECSS) forS if the vertex set ofG is asupersebf S and for
every pair of points fron$ there arek internally vertex-disjoint (edge-disjoint, respectigbaths connecting themin
G. The problem of Euclidean) minimum-cost Steinksvertex- (or,k-edge-) connectivitys to find a minimum-cost
Steinerk-VCSS (or, Steinek-ECSS) forS. Fork = 1, it is simply theSteiner minimal tre¢SMT) problem, which
has been very extensively studied in the literature (sge,[@4, 26] and Chapter R-30).

In a more general formulation of multi-connectivity grapfolplems, non-uniform connectivity constraints have
to be satisfied. Theurvivable network design probleisidefined as follows: for a given weighted undirected graph
G = (V,E) and a connectivity requirement function V x V — N, find a minimum-cost subgraph &f such that
for any pair of vertices,y € V the subgraph has, ,, internally vertex-disjoint (or edge-disjoint, respeetiy) paths
betweerx andy. Also in that case, the output may be allowed to be a multlgyfap]. The survivable network design
problem arises in many aforementioned applications, exgelecommunication, communication network design,
VLSI design, etc.

In many applications of this problem, often regarded as tostimteresting ones [16, 22], the connectivity require-

ment function is specified with the help of a one-argumenttion which assigns to each vertexts connectivity
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typer, € N. Then, for any pair of vertices, u € V, the connectivity requirement, ,, is simply given as mifr,, .}
[20, 21, 22, 22, 32, 35]. Following the literature, we assuhige standard simplification of the connectivity require-
ments function in this paper. Note that, in particular, thidudes theSteiner tree problenfsee, e.g., [2]), in which
T, € {0, 1} for any vertexv € V. It also includes the most widely applied variant of the statility problem in which
Ty € {0, 1,2} for any vertexv € V (see, e.g., [22, 32, 35]).

Since all the aforementiondd-connectivity problems are known to béP-hard when restricted to even two-
dimensions fork > 2 [17], we focus on efficient constructions of good approxioreg. We aim at developing a
polynomial-time approximation schensePTAS This is a family of algorithms$.A.} such that, for each fixed > 0,

A runs in time polynomial in the size of the input and producék-ac)-approximation (see Chapter R-10 and [24]).

1.2 History of the multi-connectivity problems

For a very extensive presentation of results concerninglenas of finding minimum-cosk-vertex- andk-edge-
connected spanning subgraphs, non-uniform connectadgtynectivity augmentation problems, and geometric prob-
lems, we refer the reader to [1, 28, 34] and to various chautief24], especially to [18, 27]. Here we discuss mostly
the work related to geometric graphs.

All the multi-connectivity problems discussed in this seynare known to b&/P-hard not only for general graphs,
but also for several non-trivial classes of graphs. For ggrggaphs, the multi-connectivity problems are even known
to be APX-hard, that is, they do not have a PTAS uniesss NP (see [9]). Despite the practical relevance of the
multi-connectivity problems for geometrical graphs argithst amount of practical heuristic results reported Esee,
[21, 22, 32, 35]), very little theoretical research has bad@me towards developing efficient approximation algorghm
for these problems until a few years ago. This contrasts thighvery rich and successful theoretical investigations
of the corresponding problems in general metric spaces @ngefheral weighted graphs. And so, until 1998, even
for the simplest and most fundamental multi-connectivitytylem, that of finding a minimum-cost biconnected graph
spanning a given set of points in the Euclidean plane, olnigiiapproximations achieving better than}aatio had
been elusive (the ratié is the best polynomial-time approximation ratio known fengral graphs whose weights
satisfy the triangle inequality [15]; for other resultseseg., [6, 27]).

For many years the algorithmic community has believed tis® &nd the multi-connectivity problems discussed in
this survey were also APX-hard for geometric and planarlyggagnd hence they do not have a PTAS uness N/ P.
However, the situation changed dramatically with the sainiorks of Arora [2] and Mitchell [31], who showed that
the TSP problem in geometric graph has a PTAS; soon aftetA& Rar TSP in planar graphs has been also developed
by Arora et al. [4]. These results gave a hope that also thé-garnectivity problems in geometric and planar graphs

can have a PTAS. This has been proven affirmatively in a sefipapers by Czumaj and Lingas [8, 9, 10] in the case
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of geometric graphs. The case of planar graphs seems to lgectmalienging, and as for today, we know only a partial
solution for 2-connectivity problems, where a quasi-polyral time approximation scheme (running-time of the form

nO(logn/e)y has been recently developed [5, 7].

1.3 Overview of the results

In this survey, we overview the recent polynomial-time apmation schemes for multi-connectivity problems in
geometric graphs, as developed in a series of papers by GALingas, and Zhao in [8, 9, 10, 13] (see also [11, 12] for
full versions of the papers). Besides presenting the speetults, we give a detailed tutorial of techniques dewedop
during the design of polynomial-time approximation scheffioe variousk-connectivity problems in geometric graphs;
we also emphasize the difference between these algorithchtha recent PTASs for TSP and related problems. In
addition, we discuss lower bounds on approximability osthproblems in higher dimensions [9] and extensions to

include the survivability problems [13] and planar grapbisi.

2 Preliminaries

In this section we introduce basic technical definitions aotions used in this survey. For simplicity of presentation
we shall assume that the quality of approximatigatisfiesi—'/4 < ¢ < 0.1. Furthermore, we shall aim at achieving
an approximation of1 + O(¢)) rather than1 + ¢). Both these assumptions can be easily relaxed.

All algorithms for geometric graphs that we discuss in thissgy are randomized. Even though the algorithms
can be derandomized, and the final results are stated imuatstic versions as well, the randomized versions of the
algorithms are more natural to present and are simpler.

For a given undirected grap@, a traveling salesman toutsT) is any Hamiltonian cycle inG; a traveling
salesman patlis any Hamiltonian path ic. For a given sef of points, atraveling salesman tou¢rsT) is any
traveling salesman tour for the complete graphSonFor a given graptG with cost on the edges, or for a set of
pointsS in a metric space, thigaveling salesman problem (TSR)to find aTsTin G or for S, respectively, that has a
minimum total cost of the edges. For simplicity of our praaéion, we define asT for a set oftwo points to be the
edge connecting these points.

We use terni¢-cubewith L € R to denote any axis-paralld-dimensional cube iiR¢ of side-lengthL in all d

dimensions. Avounding boof the input multiset of points i< is anyL-cube inR¢ enclosing these points.

The perturbation. In our algorithms for multi-connectivity problems, we figgerturb the input instance so that
each node lies on the unit grid and every inter-node distamatleast8. We begin with rescaling the input so that

the smallest bounding bdx? hasL = O(n?) being a power of two. Next, we move every point to the nearesttp
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Figure 1.1: Shifted dissection of a set of points in the baugméox [0, L]¢ in R? (with a= (a7, ay)).

on the unit grid whose all coordinates are multipliers ¢fvhat may merge some points). Then, it is easy to see that
the perturbation ensures that amyWCSS for the original input instance is now mapped intk-dCSS whose cost
(after rescaling) differs by at most arfraction. Therefore, if we can find@ + O(¢))-approximation for thé-VCSS
problem for the perturbed instance, then we can directlgiatan(1 4+ O(¢))-approximation for thé&-VCSS problem

for the original instance. Because of that, from now on welgssthat all input points have integer coordinates, lie
in the cubg0, L4 with L = @(n3) being a power of two, and the distance between any two pairgiher0 or is at

least8. (We chosd. = O(n3) for convenience only; a much smallewould be enough.)

The dissection. The concept of space partitioning ulssectiongquadtrees) andhifted dissectionplays the key
role in all our algorithms. Following [2], we define the gednepartitioning of a bounding box as follows. @4-
ary) dissectiorof the bounding boX.¢ of a set of points ifR¢ is its recursive partitioning into smaller sub-cubes,
calledregions EachregionU¢ of volume larger thar is recursively partitioned int@d? regions(l/2)4. A 24-tree
with respect to theZ®-ary) dissection is a tree whose root corresponds to thedingiox, and whose other non-leaf
nodes correspond to the regions containing at least twaspbiom the input multiset. For a non-leaf nod®f the
tree, the nodes corresponding to fiferegions partitioning the region correspondingtare the children of in the
tree. Note that the dissection h@$L%) regions and its recursion depth is logarithmicLin Furthermore, ifL is a
power of two, the boundaries of all regions in the dissedtiave integer coordinates, and thus they are in the unit grid.
For anyd-vectora = (ay,...,aq), where alla; are0 < a; < L, thea-shifted dissectiof2] of a setX of points
in the bounding box0, L]¢ in R¢ is the result of shifting all the regions in the dissectiorXaih the bounding box
[0,21]4 by the vectorf —a). Thea-shifted24-ary treewith respect to the-shifted dissection is defined analogously. A
random shifted dissectiaof a set of pointX in a cubeL? in R¢ is ana-shifted dissection oX with a = (a, ..., aq)

and the elements, ..., ag chosen independently and uniformly at random frf@ni, ... L}.
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3 First approach: polynomial-time “pseudo-approximation” schemes

After the development of polynomial-time approximatiohemes for the TSP problem due to Arora [2] and Mitchell
[31], it seemed to be almost a straightforward task to exteed schemes to obtain a PTAS for multi-connectivity
problems, or at least for the most basic 2-VCSS and 2-EC38ems. However, it turned out that the schemes, which
work very well for TSP and for some number of related problemguding Minimum Steiner Tree, Min-Cost Perfect
Matching, k-TSP, and k-MST, could not be extended in a sim@g. The reason was that in all these approximation
schemes, the key step was to find a low cost solution which St&ser points. While (by the triangle inequality)
a Steiner point can be removed fronTar without any increase of its cost, such a transformation goissible for
k-VCSS andk-ECSS problems: e.g., a minimum-c@VYCSS for a point se$ in R? can have cost as much e@
times larger than a Stein2fVCSS forS [25].

Despite this difficulty, Czumaj and Lingas [8] showed that @an apply the approach developed by Arora [2] to
design a “pseudo-approximation scheme”: an algorithmfihds a Steinek-VCSS for a point se$ whose cost is
at most(1 + ¢) times larger than the cost of a minimum-c8sVCSS forS. In other words, the algorithm finds a
solution with Steiner points that has cost not much largen tan optimal solution that uses no Steiner points. Even
though this is only a pseudo-approximation scheme and n®A&Pin this section we shall present this algorithm in
details, because the underlying ideas of this approachsaelater in all other algorithms we discuss in this survey.

On a very high level, the approach of Arora [2] (see also [31] [8, 33]) is a clever combination of the divide-
and-conquer method with the dynamic programming approaet,as such, it follows a design of many classical
PTASs. For the multi-connectivity problems, similarly asofa, we hierarchically partition the cube containing the
input points (via random shifted dissection) into regioasd then prove the key technical result, that there is an
approximate solution to the problem which can cross the Bares of each region only in pre-specified points a
bounded number of time&fructure Theorejn The Structure Theorem states that for any problem instémere is a
(1+O(¢))-approximation that satisfies some basic local properig:rit-portal respectingandr-light, see the defini-
tions below. The Structure Theorem is proven by taking amrggtsolution to the problem and applying a sequence of
transformations that increases the cost of the resultiaglgand at the same time makesiitportal respecting and
light. Once the Structure Theorem is proved, a dynamic progning procedure finds in a polynomial-time an almost
optimal solution that satisfies the basic local propertye @ijinamic programming procedure combines optimal partial
solutions within regions into an optimal global solutiorden the crossing restrictions. In order to combine soltion
efficiently, we derive &-connectivity characteristic of a spanning subgraph withregion solely in terms of the set
of pre-specified points on the region boundary includeddrvértex set. In our crucial theorem, we show that the
connectivity characteristic of a union of two adjacent sapf)s can be computed from the connectivity charactesistic

of the subgraphs. This allows us to set up a dynamic programpriocedure computing(@ + O(e))-approximation
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(a) b)

Figure 1.2: Portals and a portal-respecting graph.

of minimum-cost Euclidean graph whichksvertex ork-edge connected and obeys the crossing restrictions.
Below we discuss this approach in more details; we focus amiyrek-VSCC problem and note that the extension

to thek-ECSS problem is straightforward.

3.1 Special forms of geometric graphs
3.1.1 m-portal-respecting graphs

For every integem, anm-regular set ofportalsin a (d — 1)-dimensional region facétd~" is an orthogonal lattice

of m points in the facet where the spacing between the portél$is1)-m~—'/(d=1) A graph ism-portal-respecting
(with respect to a shifted dissection) if whenever it crgsadacet in the dissection, it does so at a portal. Observe
that this restriction forces us to assume thatmaportal-respecting graph may haveldendsome of its edges, that

is, an edge may deviate from being a straight-line conngdtsnendpoints and be rathestaight-line pathbetween

the endpoints. If we are allowed to bend the ends, then forgaagh in a dissection it is easy to makentportal-
respecting by moving every crossing of every facet to itgesgportal. Arora [2] proved the following result that

transforms a graph into an-portal-respecting one at a small cost increase and witttwariging the connectivity.

Lemma 1.1 Let G be a geometric graph ilR¢ for a set of (perturbed) points contained in a bounding héx Pick
a random shifted dissection &f. Then, one can transfor@ into an m-portal-respecting graph by moving each
crossing of each facet to its nearest portal so that the egeincrease of the cost of the resulting graph is at most

O(d logL m~1/(d=1)) . cos(G).

Proof: Pick any edgdv,u). By the definition of the dissection, ed@e u) crosses the facets in the dissection at
mostO(v/d) - ¢(v, u) times, where(v, u) is the cost of the edge, u).! To make this edgen-portal-respecting, we
move each crossing of a facet to the nearest portal, whiatlvies bending the edge that might increase its length.

If the facet has side-lenghy/2t, then this increases the distance by at n@st/d L/2t) m~1/(4-1) | since the inter-

1The number of crossings of the facets in the dissection isntpmended by a constant times thedistance between andu, and this is upper
bounded by? (v/d) times thef, distance betweenandy, thatis,O(v/d) - ¢(v, w).
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portal distance i€ (L/2') m~'/(4=1), Because we have chosen the dissection at random, the pityttalt a given
facet has side-length/2! is ©(2%/L). Hence, the expected increase of the cost of a given gdasg is

logL

) owd2/n)-or2y)ym Ve = oWdlogL - m/41)

i=0
The same arguments can be applied to all of at &std)-¢(v, u) dissection crossings by any edgeu). Therefore,

the expected increase of the cost of the entire graph is at mos

> (O(\/a)oc(v,u))~O(\/alogL~m’1/(d’”) = O(dlogL-m '/4=1) . cos(G) . O

(v,u)
Note that in our applications we require this error term tcabenost anO(¢) factor of the cost of the optimal
solution, and therefore we set = (O(d logL/¢))4~". Using the transformation from Lemma 1.1, from now on, we

assume that we consider a geometric graph thai-fsortal-respecting witim = (O(d logL/e))4~".

Special forms of geometric graphs:r-light graphs. We say a geometric graph1dight (with respect to a shifted

dissection) if for each region in the dissection there ara@gtr edgescrossing any of its facets

3.2 Dynamic programming and finding an optimal m-portal-respecting r-light solution

In our presentation, we begin from the end and discuss fiesgdal of our analysis. In the following section we show
that for any se§ of n (perturbed) points ilR< that are contained in a bounding bb%, if we choose a random shifted
dissection ol.¢, then with a good probability there is am-portal-respecting-light (for the dissection chosen) Steiner
k-VCSS forS whose cost is at most + O(e)) times the cost of the optim&-VCSS forS, for appropriated values
of m andr. How can we use this existential result? The key observasidhat if we restrict ourself tan-portal-
respectingr-light graphs then we can use dynamic programming to agtfiall an almost optimal SteindVCSS
efficiently! In what follows, we briefly discuss main ideastbis result; see [8] for more details.

The key idea is that the subproblem (finding an optimal StéiRéCSS) inside a region in the dissection can be
solved independently of the subproblems in other regioosgiged that we know which portals are used by the edges
of the graph and the structure of the exterkalonnectivity properties outside that region. Exterkalonnectivity
properties outside a region are defined in terms of the outsdd: if a portal is used by the graph outside the current
region, we want to know which connections with other portiadsipports. The concept abnnectivity characteristic
developed in [8] aims at maintaining this structural preiesrof graphs contained in any region.

Let us define arinternal interfaceof a regionQ to be any multiset of at most portals, such that for every

facet of Q, the total multiplicity of all portals (in the multiset) isoper bounded by. Since our goal is to find an



3 FIRST APPROACH: POLYNOMIAL-TIME “PSEUDO-APPROXIMATIONSCHEMES 9

m-portal-respecting anetlight Steinerk-VCSS with low cost, we do not know its structure in advanceépt that

it is m-portal-respecting ancHlight) and hence in our algorithm we have to consider allsgide internal interfaces.

Note that form-portal-respecting ancHight graphs the number of internal interfaces of a reg®atimostm (4 ),
Next, for any regionQ and any given internal interface 6J, we define aconnectivity characteristito be a

description of routing properties within the region anduiegments on the routing properties in the complementary

graph from the point of view of portals needed to presé&re®nnectivity. LetP be the multiset of points in the portals

used in the internal interface. The connectivity charastierconsists of three parts corresponding to differepeats

of k-vertex connectivity requirements for the graph:

e requirements fointernal connectivity what configurations of external disjoint paths ought to béside the
region to make any pair of vertices within regikrvertex connected; since for any pair of pointQnall sets
of disjoint paths leaving) must traverse through the portals, each such a set of vdig@int paths can be
encoded by a matching in the complete grapiPon

e requirements fointernal/external connectivitywhat configurations of disjoint paths ought to be inside and
outsideQ to ensure that any vertex inside regiQrhask vertex-disjoint paths to any vertex outside the region;
this can be encoded by a set of pairs consisting of a matchitigeicomplete graph dhand a subset of portals
(that is used to encode the parts of the paths from a vertedeigsto the first portals, before they lea@®;

e requirements foexternal connectivitywhat configurations of internal disjoint paths ought to bgideQ to
ensure that any pair of vertices outsiQeare connected by vertex-disjoint paths; this can be encoded by
matchings in the complete graph Bn

One can show that for a given region and its internal intexfttwere are at moat<¢ e connectivity characteristics.
The goal of the dynamic programming procedure is to detezrfon each regiorQ, for each possible internal
interface ofQ, and for each possible connectivity characteristiQofin (almost) optimain-portal-respecting-light
graph within the region using given internal interface amagtihg given connectivity characteristic. We maintain a
lookup table that, for each region, each internal interfacel each connectivity characteristic, stores the optimagl
to solve the subproblem inside the region. The lookup tabézéated bottom-up and the efficiency of this procedure
relies on the efficiency of computing the connectivity clusedstic for a region from it2¢ subregions one level
down in the2¢-dissection tree. One can find a minimum-cost graph withgioreQ having a given characteristic
by combining minimum-cost graphs within subregiongfand this can be done in timad2* . 2(an° " Thig
approach has to be refined for regions corresponding to #vesen the2¢-dissection tree, where we have to find an
optimal graph directly. Unfortunately, since we do not knibxy locations of Steiner points in an optimal solution, we
can only find an approximate solution within every leaf regitill, this is enough to conclude with the following

result (see [8] for more details):
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4

Figure 1.3: GraphiH* constructed in the Patching Lemma. Dotted lines corresptmthe traveling salesman paths.
In this exampled = 2,{ = 4, andk = 2.

Lemma 1.2 LetS be a (perturbed) point set iR¢ contained in a bounding bdx? and with minimum nonzero inter-
distance at leas$. Letm andr be integer parameters. Then, in timelogL - m©(429 7). 2(d"°“" gne can find a

(1 + O(¢))-approximation of a minimum-cost-portal-respecting--light Steinerk-VCSS forS. O

3.3 Patching Lemma: reducing number of crossings using Ste@r points

In this section we discusspatchingprocedure (initially used by Arora [2] for TSP), which is aykagredient of our
result that for any set of points and for a random shiftedadiisn of its bounding box, there is always anaportal-

respecting--light Steinerk-VCSS forS whose cost is low. The patching procedure takes any facesedby more
thank edges and patches the crossings to reduce the number ahgoss at mosk, by augmenting the original

graph with new Steiner vertices and new edges (line seginents

Lemma 1.3 (Patching Lemma)Let F be a(d — 1)-dimensional facet of side leng¥¥ and letH be any Steiner
k-VCSS (for some point s&} that crossesF exactlyt times,{ > k. Then, one can break edgestbin all but k of the
crossings and add tbl new Steiner vertices (that lie infinitesimally closefipand line segments of total cost at most

O(k-W - '=1/td=1)) gych thatH changes into &-VCSSH* for S that crossesF at mostk times.

Proof: Letxq,...,x; be the points at whichi crosses théd — 1)-dimensional faceWw<~'-cube F. For each
i, 1 < i < {, break the edgé¢y;,z;) crossingF at x; into two parts, one on each side &% we assume that all
verticesy, ...,y are one the same side #f We conside2 k + 4 copies of each;, denoted byc;fj, andx;j with
0 <j <k+1;k+ 2 copies for each side oF. We assume that all copies are at distance zero from each othe

Now, we defineH*. H* is obtained fromH by removing all the edges crossif§, and inserting the vertices

i,y Ulzr, oz Ul cicr g o<iarit 095 U U cicr & 0<j<i11Xq ;1 @nd eight groups of edges:
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(i) two halves of each edge crossifgin H in the form of the edge@i,xifo} and{x; ,zi}, forall 1 <i<¢,
(ii) edges crossingF that conneck", ,; withx;, ,, forall1 <i <k,
(i) k edges connectinglf0 with x{j, forall1<i<{(1<j <Kk,
(iv) edges connecting/, , withx;;, forall1 <i<¢,1<j <k,

i,j?
(v) edges connectimg;O with X5 forall1<i<{,1<j<Kk,
(vi) edges connecting;k+] with X5 forall1<i<{,1<j<Kk,
(vii) edges of a traveling salesman path @{Sig{xij}, forall1 <j <k, and
(viii) edges of a traveling salesman path [gqgig{x;j}, forall1 <j <k

(Observe that all edges in groups (ii)—(vi) have cost zerfinjtesimally small), because we assumed that for every
iandj, 1 <i<{,0<j<k+1,all nodesxif]., andx;j are at distance zero from each other.)

It is easy to see that the cost of the non-zero length edgels mH is bounded from above by the cost of the
edges inH plus the cost of k traveling salesman paths for the point s@tﬁgig{x{fj}, U1gigz{xij}' j=1,...,k,
respectively. Now, a well-known result about geometric T8, e.g., Chapter 6 in [29]) implies that for any set of
points contained in &d — 1)-dimensionaW 4~ cube, there is a traveling salesman path of total lengthlentaikn
O(WE‘—ﬁ). Therefore, we can conclude that the total additional osbunded b)@(kWE“ﬁ ).

Finally, it is not hard to show thail* satisfies the vertex-connectivity requirements. O

3.4 Structure Theorem: there is always a gooa-light Steiner k-VCSS

Now, we are ready to present the first Structure Theorem &kCSS problem. This theorem compares the cost of
anm-portal-respecting-light Steinerk-VCSS for a set of points with the cost of an optinkal/CSS for this set of

points, where the optimal solution is not allowed to useri&epoints.

Theorem 1.4 (Structure Theorem) Let S be a (perturbed) point set iR¢ contained in a bounding bax* and with
minimum nonzero inter-distance at ledst Pick a random shifted dissection bft. Then with probability at least
0.9, there is anm-portal-respecting-light Steinerk-VCSS forS whose cost is at mo$t + O(¢))-time the optimal
k-VCSS forS, wherem = (O(d logL/e))d~" andr = (O(vdk/¢e))4 1.

The proof of the Structure Theorem follows from the Patchiegima above by repeatedly patching the original
graph in an appropriated order of facets, following theioagapproach of Arora. This part of the analysis is technica

and subtle, and we only sketch it here; a reader interestenbie details is refereed to [8] or [2, 3].

Sketch of the proof: The idea is to transform an optimktVCSS forS into ar-light Steinerk-VCSS forS of
low cost by applying the Patching Lemma 1.3 to every facetciviis crossed too often. Lemma 1.3 ensures that

the resulting graph is alight Steinerk-VCSS forS. However, since its every application increases the cofitef
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resulting graph, it is crucial to show that the expected ob#te resulting graph is at most+ O(¢))-time the optimal
k-VCSS forS. If we prove this claim, then the lemma follows by applyingiima 1.1 and by Markov inequality.

We bound the total cost of the new edges resulting from imgkhe Patching Lemma by charging their cost to
grid hyperplanes. For every facet in the dissection we ehtirg cost of removing the excess of the edges crossing the
facet to the grid hyperplane that contains the facet. We ghaivthe expected cost charged to a grid hyperpfdne
is at moste t(H)/(2+v/d), wheret(H) is the number of crossings of the hyperpldiéy the optimalk-VCSS forsS.

Now, the result follows by the linearity of expectations dnydthe fact thad_,, t(7) is at most2 \/d times the cost
of the optimalk-VCSS forS$ (this result is obtained by well-known relation betweenthand{, norms).

Let us fix a grid hyperplang( perpendicular to some coordinate axis. Note that withindiending box.¢, H
forms aL4~" cube. We apply the Patching Lemma to all facets of the digsetiat belong td<. We first begin with
the smallest facets, and then consider the facets in thedsitrg order of their sizes. Left be the number of facets in
H of side lengthL/2) for which patching has been invoked. HoK c;, lett; ; be the number of crossings of thid
facet of side lengtiL/2) for which patching has been applied. Observe that fortthdacet of side lengtf./2) for
which patching has been applied, the total cost of the newesddded by the Patching Lemma is upper bounded by

O(k (L/27) (t;,0)'~1/4=1)), Therefore, if the largest facet in the hyperpldiéas side-lengtfi/2, then the total

cost of the new edges added by applying the Patching Lemmnibfémets inH is upper bounded by:

j=1i =1

logL c¢j
(ZZk L/20) (t5¢)' /(4= ”) . (1.1)

Next, we study the expected cost as above, where the exipedtataken over shifts chosen in the random shifted
dissection. Let us assume that the grid hyperptahes perpendicular to theth coordinate axis. Let us fix the
random vectola = (aq,...,aq) used to determine the random shifted dissection in whiclelelhents are fixed
with the exception ofa, which is kept random. We observe that the random shift indiksection depends only
on the value ofug, and therefore, iti;,...,as_1,as4+1,...,aq are fixed, then the probability that the largest facet
in the hyperplané{ has side-lengtf./2! is O(2'/L). Furthermore, one can show that the values;cindt; , are

independent ofi;. Therefore, the expected cost of all edges added by appbatahning to all facets ifi{ is at most:

logL logL c;j logL c¢j j
ZO zl/L (sz L/z) ') 1 1/(d— 1]) < (sz/z) 1 1/(d—1) Zzl)
j=1 =1 j=0 ¢=1 i=0
logL ¢j
_ 1 1/(da—1)
R

Sincet; ¢ > v+ 1, the bound above is maximized when eagh = r + 1, and therefore it is bounded by

O(k) - (r+ 1)1-1/(d=1), Z'OQL c;. Now, we need a good upper bound fﬁtjogL c;. Since each application of the
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Patching Lemma reduces the number of crossings by at least- + 1 — k, the definition oft() yields:

t(H)
< .
,ZC] - or+1-k

Therefore, the expected cost of all edges added by applytuning to all facets ifi is upper bounded by:

IN

logL _ _
Ry k(r+ 1)1/ D y(H)
. 1-1/(d-1) | .
OK) - (r+1) j;c] o< S )

We setr = (O(v/dk/e))4~" to upperbound this by t(H)/(2+/d). By our arguments above, this implies that
the expected cost of all edges added by applying the Pattleimgma (which results in a transformation of the graph
into anr-light one) to an optimak-VCSS forS is at moste times the cost of the optim&tVCSS forS.

Finally, we have to transform the graph into-portal-respecting. We apply the construction presentdceimma
1.1 with the value oin = (O(d logL/¢))4~". Since, by Lemma 1.1, this construction increases in eggiectthe

cost of the graph by at most a factor@f¢), the final result follows. O

3.5 Final result: “pseudo-approximation” schemes for muli-connectivity problems

The results from the previous sections (Lemma 1.2 and Thedré) are summarized in the following theorem.

Theorem 1.5 Letk and d be any integersk, d > 2, and lete be any positive real. Lef be a set of points inR¢.
There is a randomized algorithm which finds a SteikdfCSS forS, whose cost is at mos$t + ¢)-time the optimal
k-VCSS forS, in timen - (logn)(©(Vdk/en*! L 2dk/e) VTR probability at leas.9 .

Furthermore, within the same running time one can find a t&irECSS foiS whose cost is at moét + ¢)-time

the optimalk-ECSS foiS. Also, all these algorithms can be derandomized in polyabtime.

Observe that when atl, k, ande are constant, the running time of the randomized algorithm-i (logn)©(").

) 0(1)
Whend is a constant ankl ande are arbitrary, then the running timens: (logn)(k/e)?"" . 22«7

4 PTAS for geometric multi-connectivity problems

The results from the previous section are certainly noyfeditisfactory, and a natural question arises if we can obtai
a similar resulwithout using Steiner poinia the solution. In this section, we discuss in details how can modify
the approach from Section 3 to obtain a PTAS for geometridirnahnectivity problems. Even if this method can

be seen as a generalization of the approach developedlynitiaArora [2], the details of the new construction are
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significantly different than those used for TSP and relatethlems. The material in this section is based on [11], an
updated and improved version of [9, 10].

The main idea of the PTAS is similar to that from the previoesti®n: we want to prove a result of the form
similar to that from Structure Theorem 1.4. However, thisgiiwe want to make sure that no new Steiner points
difficult to remove are created. We achieve this goal by ajn@iha variant of the Structure Theorem that does not
require the resulting graph to bdight but onlyr-locally-light, see the definition below. The difference between these
two requirements is insignificant for the dynamic programgrphase, but it is critical in our analysis: as we show in
our main theorem, there is always an almost optika®ICSS for a set of points iR¢ that ism-portal-respecting and

r-locally-light for small values ofn andr. Before we proceed on, we begin with introducing some newtiat.

Relevant crossings and vital edges. A crossing of an edge with a region facet of side-lengthin a dissection is
calledrelevantif it has exactly one endpoint in the region and its lengtht imast2 v/d W. For a given regiorQ in a

shifted dissection, any edge having exactly one endpoi@t is calledvital (for Q).

Special forms of geometric graphs:r-gray and r-locally-light graphs. We say a geometric graphisgray (with
respect to a shifted dissection) if for each region in theetifion there are at mostelevant crossingsA graph is

r-locally-light (with respect to a shifted dissection) if each region in tissettion has at mostvital edges.

Augmented traveling salesman tours. A kth powerof a graphG is obtained by augmenting by the edges whose
endpoints are connected by paths consisting of at kesiges inG. For any se and{, an{-augmented traveling

salesman tour o8 is either a clique o8 if |S| < 2{, or thelth power of somasTonSif |S| > 20+ 1.

4.1 Transformation lemmata

In this section we present a variant of the Structure Theatesigned to deal with the problem of finding a minimum-
costk-VCSS for a set of points ilRe. Our goal is to obtain a similar claim as the Structure Theote4 but without

the assumption that the promised graph has Steiner poirggrgve this new Structure Theorem in three steps. We
take an optimal solution for the minimum-cadstVCSS problem and we modify it to a suitable form to obtain apgr
that is still k-VCSS and whose cost is just slightly larger than that of theimum-cost. In the first two steps we
remove some number of edges (and thus, we do not increaseghefd¢he graph) to ensure that the resulting graph
is first r-gray and them-locally-light. In the third step we add replacement of teenoved edges to ensure that the
obtained graph i&-VCSS. The first and the third steps are randomized and thmy gat in expectation the cost of

the resulting graph is at mo&t + O(¢)) times the minimum-cost-VCSS.



4 PTAS FOR GEOMETRIC MULTI-CONNECTIVITY PROBLEMS 15

4.1.1 Local Decomposition Lemma

In this section we discuss our first key result in the anajythis so-called Local Decomposition Lemma. The Local
Decomposition Lemma aims at reducing the numberetévantcrossings of any given facet to at madst This
procedure is very similar in the spirit to the Patching Lenfivéa However, unlike the previously known approaches,
the Local Decomposition Lemndoes not use any Steiner poinfhe key feature of this construction is thabitly
removes edgeand the decision which new edges should be inserted to ethgicennectivity requirementsdelayed
Instead, a description of properties the new edges musfisatiprovided and these edges are inserted only at the very
end of the algorithm (using the TST Covering Lemma 1.21).

To streamline maintaining the connectivity propertieshaf iissing edges, we always describe missing edges in
a form of k-augmentingrsTs. The idea is that in order to ensure that a set of pointsdsnnected it is enough to
maintain itsTsST and then observe that tlkeaugmentingrsT is k-connected. Furthermore, by controlling the cost of
a minimum-costrsT for that set of points, we can also control an upper bound foremum-costk-augmentingrst

for these points. This will be important in our analysis.

Lemma 1.6 (Local Decomposition Lemma)Let G be an Euclidean graph on a multisgbf points inR<¢. Let.F be
a (d—1)-dimensional facet of side leng® in a dissection of the bounding box%fIf the edges ot form{ relevant
crossings offF, then there exist a subgragh* of G, and two disjoint subsets; andS; of S, such that

e there are at mos? k? relevant crossings of in G*,

1

e there are arsTonS; and atsTon S, such that the cost of each is upper boundedlyd W ¢'~« ), and
e if Gis ak-VCSS orf, then the graptH* resulting from the graptG* by addingany k-augmented'sT on S,

andany k-augmentedsTtonS;, is ak-VCSS or$.

Remark 1.7 There are three key differences between the Local Decotiggosemma and the Patching Lemma 1.3:
(i) the Local Decomposition Lemma does not introduce any paws to the obtained graph, (i) it reduces only the
number of relevant crossings, leaving the number of arbjtaiossings possibly arbitrarily large, and (iii) it doe®h

produce ak-VCSS or$, but rather it says that one can build one by adding some auldit edges.

Remark 1.8 For a givenTsT 7 onX it is easy to construct &-augmented'sTZ¢%) on X such that the cost & is

at most(kf) < 2k? times larger than the cost @f and each hyperplang{ (which does not contain any edge from

T) is crossed by the edges®f<’ at most(*1 ') < 2k? times more than it is crossed by the edge#{of

Proof: We can assumé > 2k?. We first construct the subgragi* and the subset$; andS,, and then briefly

argue about their properties.

20ne can ask why do we delay inserting the new edges: e.g.,iinilassituation in Arora’s PTAS for TSP [2], the new edges mserted at
once, as we also do in the analysis of the Structure Theoréni\bte however that Arora [2] and others were always abldaoepthe new edges
on the facet for which the Patching Lemma is applied, whicHifatés dealing with the new crossings. In the case disclissee, we do not want
to create Steiner points and therefore we need to add nevs @ugebitrary locations.
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Let £ be the set of thé edges ofG forming thel relevantcrossings with”. We defineS; = {xq,...,x} as the
set of endpoints of the edgesénin the first half-space induced t#% andS, = {y1,...,y¢} as the corresponding set
of endpoints of these edges in the other half-space. Nextefieal5*. G* is obtained by removing frors a subset
of the edges irf. LetM be a maximum cardinality subset &fsuch that no two edges in the subset are incident. Let
q = min{k, |M|}. Then, we define the sét* of edges irf that will remain inG* to consist of

e the firstq edges ofV, and

e if g < k, then, additionally, for each endpointof each edge fronvl we add to€* min{k — 1, dege(v) — 1}

edges irf \ M incident tov, wheredegg (v) is the number of edges fincident tov.

Now, the graphG* is obtained fromG by removing the edges ifi\ £*.

To complete the proof, we must show titt, S; andS; satisfy the properties promised in the lemma. Cledlty,
is of size at mos2 k?, and hence there are at m@st> relevant crossings of in G*. Furthermore, each &; andS,
consists of at mogtvertices that are contained in a bounding box of §&/d W). (Indeed, since the vertices $3
andsS; are endpoints of relevant crossings their distance fronf is bounded by v/d W.) Thus, there is @asT on
each ofS; andS, of total length smaller that(d W (') (see, e.g., Section 6 in [2§]) The remaining properties

can be also easily shown, see [9, 11] for details. O

4.1.2 Weak (too weak) version of Structure Theorem: Global Bcomposition Lemma

With the Local Decomposition Lemma above, we can provide akwersion of the Structure Theorem that uses
similar arguments as those used in the proof of Theorem Inde $his formulation is too weak for our applications,

our goal in the following sections will be to extend it to oita stronger result.

Lemma 1.9 (Global Decomposition Lemma)Let$S be a (perturbed) point set iR contained in a bounding bdx
and with minimum nonzero inter-distance at le&sPick a random shifted dissectionbf. Then, there is am-gray
graph G on S and a collectior$ of (possible intersecting) subsetsSo$uch that:
e the cost ofG is not larger than the minimum cost bfVCSS forS,
o 1= (0O(k?d3/2/¢))4,
e there is a graptH consisting of (possible non-disjoirtyTs on every seX € S whose expected (over the choice
of the random shifted dissection) total cost is at m@gt/k?) times the minimum cost &VCSS foiS, and

e the graph resulting front by addingany k-augmentedsTs on eachX € Sis ak-VCSS or$.

Proof: The proof of this result mimics the proof of the Structure Gilean 1.4 with the exception of a few modifica-

tions that are caused by a different form of the Local Decasitjpm Lemma 1.6. We take a minimum-cast/CSS

3Note that we need here the assumption that eadh afnd S, is included in a bounding box of siz8(v/d W). In contrast, in the Patching
Lemma 1.3 the points could be arbitrarily far away from eacleo#md thus, for example, there could bens®on S; of lengtho(n).
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Gopt for S and apply a sequence of the Local Decomposition Lemma to thékgraphr-gray. Since each application
of the Local Decomposition Lemma only removes the edges &g the obtained grapks is a subgraph oG
and hence its cost is not larger than the minimum co$-WCSS forS. Furthermore, the resulting graphrigyray
by Lemma 1.6. This lemma ensures also that if we defirss the family of sets returned by all calls to the Local
Decomposition Lemma, then by adding@aanyk-augmentedsTs on allX € S we obtain a&-VCSS onsS.

What remains to prove is that for the sétsc S, the total expected costs of minimum-castTs on the sets
X € Sis at mostO(e/k?) times the cost 0Gopt. The proof of this fact mimics the analysis of the Structunedrem
1.4. We charge the cost of invoking the Local Decompositiemina to a facet contained in a grid hyperplane to
that hyperplane. Then, a similar analysis implies that ttpeeted cost of all minimum-cosisTs on all setX € S

resulting from applying the Local Decomposition Lemma tdadets contained if{ is upper bounded by:

o d-(r+ 1)V (H)
T+1-—-2k2
Now, if we setr = (O(k? d3/2/¢))4, then the same arguments as those used in the proof of thetB&d heorem
1.4 imply that the expected (over the choice of the randoffitezhdissection) total cost of minimum-costTs on all

setsX € S is upper bounded b§)(e/k?) times the minimum cost &-VCSS forsS. O

4.1.3 Filtering Lemma

The Global Decomposition Lemma 1.9 transforms an arbitearglidean grapl& into anr-gray graph, so that certain
properties of optimak-vertex connected graphs induced by these graphs are esditidthere are however stronger
requirements for the transformed graph in order to get a PEA@n if after applying the Global Decomposition
Lemma each facet in arrgray graph has onl{)(r) relevant crossings, many other (longer) crossings arehjess

The Filtering Lemma below transforms amgray graph into an*-locally-light one by removing a set of edges of

total small cost, with the parameter just slightly bigger than.

Lemma 1.10 (Filtering Lemma) Letr > 1 and letS be a (perturbed) point set iR contained in a bounding box
L4 and with minimum nonzero inter-distance at le&sfor a given shifted dissection, & = (S, E) be anyr-gray
graph onS. Then, we can find a subgra of G that ist*-locally-light for v* = O(r d log(d k/¢)), and such that

the total cost of the edges @\ G* is at mostO(e/k?) - cos{G).

The proof of the Filtering Lemma explores the property that graph isr-gray, then for every regio@ of side
lengthL in the dissection there are at m@st r vital edges forQ whose length is in the intervé2’ v/d L, 20+ v/d L]
for every value ofi. This implies that if there are many vital edges crossing single facet then most of them (all

but a small number of the heaviest edges) have small costeffine, one can transform amygray graph into an
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r*-locally-light one by deleting some number of short edgessettotal cost (by careful charging arguments) is low.

4.1.4 TST Covering Lemma

In the previous subsections we have transformed an Eualigesph into the one that possesses fewer edges crossing
each facet in the dissection. The key feature of the GlobabBgosition Lemma and the Filtering Lemma is that
after the graph transformations we are left with some (jbess$intersecting) sets of nodes that are to be connected is
some way (either in pairs by edges or ikt@ugmented sTs). The main reason of such construction was to postpone
immediately connecting the nodes within each set becaisedhld introduce many new crossings and might destroy
the r-locally-lightness of the graph. The TST Covering Lemmaotaeshows how to connect the nodes within each
set without increasing the cost of the graph too signifigeautid without introducing too many crossings of any facet.
We need a definition of aoverof a superset that can be seen as a way of connecting muttgle LetS be
a collection of (not necessarily disjoint) sets. A colleatb* is called acoverof S if (i) for every X € S there is a

Y € §* such thaX C Y and (i) Uxcs X = Uycs- Y. Now, we are ready to state the TST Covering Lemma.

Lemma 1.11 (TST Covering Lemma)Let S be a (perturbed) point set iR contained in a bounding box¢ and
with minimum nonzero inter-distance at ledst Pick a random shifted dissection bf. LetS be a collection of
(possibly non-disjoint) subsets $f Suppose there is a gragh on S that is a union ofrsTs, one for eaclX € S, of
total costcos{G). Then, there is a graps* such that

e G* is r-light with respect to the dissection, where= (O(v/d))d~7,

e there is a coveBg- of S such thatG* is the union ofrsTs for eachY € Sg+, and

e the expected (over the choice of the random shifted dissgatost ofG* is at mostO(cos{G)). O

The proof of this lemma is an extension of the PTAS for Euditiespby Arora [2] and uses ideas similar to those
underlined in the proof of the Structure Theorem 1.4. (Olasérat since now we need to find Ts the appearance of

Steiner points in the approach of Arora [2] does not causeaslylems.)

4.1.5 Concluding: Structure Theorem fork-vertex connectivity

We conclude with a Structure Theorem fowertex connectivity that shows the existence of a low-tmsally-light
graph. This theorem is obtained by combining Lemma 1.1, tloeb& Decomposition Lemma, the Filtering Lemma,

and the TST Covering Lemma, when applied to a minimum-ké¢CSSG for the input point set.

Theorem 1.12 (Structure Theorem Il) Let S be a (perturbed) point set iR¢ contained in a bounding bok and
with minimum nonzero inter-distance at le&sPick a random shifted dissectionlof. Then with probability at least
0.9, there is anm-portal-respecting--light k-VCSS forS whose cost is at mo$t + O(¢))-time the optimak-VCSS
for S, wherem = (O(d logL/e))d ! andr = (O(k? d3/2/¢))9 log(k/e).
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4.2 PTAS for Euclideank-vertex and k-edge connectivity

Now, with the Structure Theorem Il 1.12 at hand, we are readgrésent the “real” PTAS for the minimum-cost
k-VCSS problem in geometric graphs. In Section 3.2, we showed to find a(1 + O(¢))-approximation of a
minimum-costm-portal-respecting-light Steinerk-VCSS for a set of points, see Lemma 1.2. Similar result holds
also for finding a minimum-costi-portal-respecting-locally-light k-VCSS for a set of points. The running time of
the appropriated dynamic programming scheme is the sanmaigsromised in Lemma 1.2, but this time we can even
find an optimal solution (not afl + O(¢))-approximation, as in Lemma 1.2). Therefore, we can comthiiseresult

with the Structure Theorem Il 1.12 to obtain the followingu.

Theorem 1.13 Letk andd be any integersk, d > 2, and lete be any positive real. Le§ be a set oh points inR¢<.
There is a randomized algorithm that in time (logn)(kd/e)? . 22* V9% \ith probability at least.9 finds a
k-VCSS foiS whose cost is at mos$t + ¢)-time the optimak-VCSS fofS.

Furthermore, within the same running time one can finkkBCSS forS whose cost is at mos$i + ¢)-time the

optimalk-ECSS foiS. Also, all these algorithms can be derandomized in polyabtime.

When the parametets k, andd are constants, then the running time of the randomizedi#thgois n - Iogo(” n.

o1

)
Whend ande are constant ankl is arbitrary, the running time becomas (log n)km V.og2k ; whene is arbitrary,

217601

1)
itisn - (Iogn)(‘/s)om~ 2 . In particular, for a constant dimensiah our scheme leads to a PTAS for the

minimum-costk-VCSS andk-ECSS problems for alt such thak < (loglogn)€ for certain positive constant< 1.

5 Faster PTAS for Euclideank-ECSSM and2-connected graphs

Czumaj and Lingas [10] showed that the approximation sckdnoen Section 4 can be improved in the special case
whenk = 2 and for the minimum-cost-ECSSM problem. The main source of the improvement is thervhation
that if we knew a graph/multigraph that contains an optimmaiear optimak-VCSS k-ECSS k-ECSSM), then we
would be able to apply similar transformations as thoserdzestin Section 4 to transform this graph intoratocally-
light one. Comparing to the result from the Structure Theolel.12, we would gain by not having to make the graph
m-portal-respecting, because dynamic programming woultiae to “guess” the locations of crossings of the facets.
This would potentially eliminate ternm in the analysis (see Lemma 1.2), and thus greatly improveuttrging time.

A geometric graplG on a set of points ifR¢ is called at-spannerof S, t > 1, if for any pair of pointsp,q € S
there is a path irG from p to g of length at most times the distance betwegnandq. Gudmundson et al. [23]
showed that for any sé&tof n points inR¢ and for any positive, in time O((d/e)°'?) -n +d -n -logn) one can

find a(1 + ¢)-spanner o6 with maximum degre¢d/¢)°(4) and with the total cost at mosdl/¢)°(4) . MST(S).
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For a given multigrapi, the graph inducedby H is the graph obtained by reducing the multiplicity of each
edge ofH to one. The following lemma formally describes the intuitithat at-spanner contains (implicitly) a

t-approximation of the minimum-coktECSSM.

Lemma 1.14 Let G be at-spanner for a point se§ in R and letk be an arbitrary positive integer. Then, there exists
a k-edge-connected multigragh on S such that (i) the graph induced By is a subgraph of5, (ii) the total cost of
H is at mostt times larger than the minimum-cdstedge-connected multigraph &n and (iii) there are no parallel

edges irH of multiplicity exceedind.

Now, with a good spanner at hand and with Lemma 1.14, we careptbwith the approach sketched before. This
approach is partly inspired by the recent use of spannersedsup PTAS for Euclidean versions of TSP due to Rao
and Smith [33]. The analysis relies on a series of transfooms of a low cost and spargé + O(e))-spanner for the
input point set into am-locally-light k-edge connectenhultigraphspanning the input set and having nearly optimal

cost. With some modifications of the analysis from the StmecTheorem Il, one can get the following theorem.

Theorem 1.15 (Structure Theorem Ill) LetS be a (perturbed) set af points inR¢ contained in a bounding box
L4 and with minimum nonzero inter-distance at leistet G be a(1 + ¢)-spanner forS that hasn (d/¢)°(4) edges
and has total costd/e)°'d) . MsT(S). Choose a shifted dissection uniformly at random. Then cangransformG
into a graphG* on S such that with probability (over the random choice of thetshi dissection) at least?,
e G* isr-locally-light with respect to the shifted dissections k d°(@) + O(k d2 log(d/e)) + (d/¢)°'4"), and
e there exists &-edge-connected multigrag which is a spanning subgraph 6f with possible parallel edges
(of multiplicity at mostk) whose cost is upper bounded @dy+ O(¢)) times the minimum-co&tECSSM forS.

d—1

Moreover, the transformation can be done in time2(©(Vd)* " 4 . (d/¢)°() Jogn.

Once we have the transformation defined in the Structure fénedll 1.15, we can use dynamic programming,

similar to that described in Lemma 1.2 and in Section 4.2ptaia the following lemma.

Lemma 1.16 Let S be a set ofn points inR< contained in a bounding bokd and with minimum nonzero inter-
distance at leas$. Consider an arbitrary shifted dissection and assume the2t-ary dissection tree o§ is given.
Let G be anr-locally-light graph onS, wherer > 1 is arbitrary. Then, a minimum-cokECSSMG* on S for which

O(kr)

the induced graph is a subgraph Gfcan be found in time - 24+ (k™)

Therefore, if we combine the Structure Theorem Il 1.15 witmma 1.16, we directly obtain the following

theorem.

Theorem 1.17 Letk and d be any integersk,d > 2, and lete be any positive real. Lef be a set ofn points in

). (da/e)0a?)

R4, There is a randomized algorithm that in time- logn - (d/e)°(4) +n - 22" ', with probability at
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least0.9 finds ak-ECSSM foiS whose cost is at mo$t + ¢)-time the optimak-ECSSM foiS. The algorithm can be

derandomized in polynomial time.

Observe that when adl, k, ande are constant, the running time of the randomized algorithé(i logn). When

1,00

)
d andk are constant andis arbitrary, the running time becomaslogn (1/¢)°(1) + n 22" . Whend ande

o(1)
are set to constants, then the running tim@is logn) + n22" .

5.1 2-connected graphs are not worse than 2-connected mgjtaphs

The algorithm presented in the previous section does ndt feominimum-costk-VCSS ork-ECSS problems. The
reason is that no result similar to that from Lemma 1.14 holdswever, in the special case whken= 2, we still

can use multigraph approach to obtain a fast PTAS for thermini-cost2-VCSS or2-ECSS problems. Indeed, it is
known than any2-VCSS is also 2-ECSSM. Therefore, the minimum-casECSSM for a set of points is not bigger
than the minimum-cos2-VCSS for the same point set. The following theorem shows dbtually, we can always

quickly find a2-VCSS (and hence alsbECSS) that has cost not larger than that 2 BCSSM.

Lemma 1.18 [10, 15JA 2-edge-connected multigraph on a set of point&thcan be transformed in linear time into

a biconnected graph on the same set of points without indrgdke total cost.

In view of this result, we could find afil + ¢)-approximation for the minimum-co2VCSS problem by first
running an algorithm for finding &1 + ¢)-approximation of the minimum-co2tECSSM and then applying Lemma
1.18. By Theorem 1.17, such randomized algorithm for thammim-cost2-VCSS problem runs in time. - logn -
(d/e)°d) +n. ZZ(O(d/E)’O[dZ) . However, as Czumaj and Lingas [10, 12] proved, one canmhigier speed-up by
improving the dynamic programming scheme from Lemma 1.16énspecial cask = 2. For any sef of n points
in R4 and for any Euclidean grap@ on S that ist-locally-light with respect to some given shifted disseatione

can use dynamic programming to find in time 2¢ 70(r29) g minimum-cos2-edge-connected multigraph Srfor

which the induced graph is a subgraph@fThis yields the following theorem.

Theorem 1.19 Let d be any integex > 2, and lete be any positive real. Le§ be a set ok points inR9. There
is a randomized algorithm which in time- logn - (d/e)°(d) 4+ n - 204/ \ith probability at least.9 finds a
2-VCSS foiS whose cost is at mo$t + ¢)-time the optimal-VCSS fofS.

The same holds for the minimum-c24ECSS problem; these algorithms can be derandomized impwiial time.

For constantl and arbitrary, the running time of the randomized algorithmidogn (1/¢)°(1) + 21/



6 LOWER BOUNDS 22

6 Lower bounds

The results discussed in previous sections show that \&raulti-connectivity problems have a PTAS. However, the
obtained algorithms work in polynomial-time only for smedllues ofd andk. Are these results just a sign that our
methods still need to be improved or they are inherent fonthki-connectivity problems?

As for now, we still do not know if there is a PTAS for large vatuofk and, say, if we pick = logn we do not
know if the k-VCSS problem for geometric graphs on the plane (i.e.dfer 2) has a PTAS or does not. However,
we know that we cannot obtain a PTAS for large valuesl.ofOur basic tool is a powerful result of Trevisan [36]
that connects the inapproximability of TSP in geometricphisawith the inapproximability of TSP in the so called
so-called 1-2 graphs. A weighted undirected complete géapha 1-2 graphif each of its edges has weight either
1 or 2. Itis called al-2-A graphif it is a 1-2 graph and each of its vertices is incident to astvioedges of weight
1. Itis easy to see that in every graph TST has cost that is nallesnthan the cost of a minimum-cost 2-VCSS. The

following result showing that in 1-2 graphs TST and minimaast 2-VCSS coincide is central for our analysis.
Lemma 1.20 In every 1-2 graph, TST is a minimum-cost 2-VCSS. O

With this result, general inapproximability results for T8 1-2 graphs proven by Trevisan [36] directly imply

similar results for the 2-VCSS problem.

Theorem 1.21 [9]There exist constantd, > 0 ande¢ > 0 such that, given a 1-2, graph G onn vertices, and
given the promise that either its minimum-ca8fCSSH has cost, or its cost is greater than or equal {d + ¢) n,
it is A"P-hard to distinguish which of the two cases holds. In pattclt is N"P-hard to approximate withif1 + ¢)
the cost of a minimum-co3tVCSS of a 1-2A, graph.

The next result is a direct application of Theorem 1.21 coradhiwith classical results on metric embeddings.

Theorem 1.22 [9]For any fixedp > 1 there exists a constaid > 0 such that it isSNP-hard to approximate within

1+ & the minimum-cost-connected graph spanning a setropoints in thel,, metric inRlog™

Corollary 1.23 The minimunk-VCSS problem in graphs of maximum degree bounded by sorstanbis APX-hard
and hence does not have a PTAS unfess N'P.

One can easily modify the proofs of the theorems presenttdsrsection in order to obtain similar inapproxima-

bility results for the problem of finding a minimum-cdstdge-connected subgraph df-&dge-connected graph.

7 Extensions to other related problems

The results and techniques we discussed in the previousisgecan be applied to various related problems.
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7.1 Pseudo-approximations and Steinek-VCSS/ECSS

It is not hard to improve the pseudo-approximation resutaimied in Theorem 1.5 by modifying the result from
Theorem 1.17. We begin with findingkaECSSM whose cost is withih + ¢ of the minimum using the result from
Theorem 1.17. Then, we can trivially transform this mukigih into a Steinek-VCSS by placingk — 1 Steiner
points on each input point (i.e., at the length zero fromii) orming ak-clique of zero cost out of the point and its
associatedk — 1 Steiner points. The cost of the resulting graph is withint ¢) of the minimum-cosk-ECSSM
for the input set, which, in turns, does not excétd- ¢) times the minimum-cost-VCSS on the input set. Such a
Steinerk-VCSS can be found in (asymptotically) the same time as redqudy Theorem 1.17 to find tHeECSSM,

which is significantly better than the result in Theorem The same approach works also for SteikdfCSS.

7.2 Steinerk-connectivity — real approximation schemes

The techniques described in the survey can be also used it@ édficient approximation schemes for Euclidean
minimum-cost Steinek-connectivity. In contrast to the result in Section 7.1, goal is to find a Steinek-VCSS (or
k-ECSS) for a set of point$ in R¢ whose cost is at mos$l + ¢) times the minimum-cost SteinkrVCSS k-ECSS,
respectively) foiS; so both, the solution found and the optimal solution arevedld to use Steiner points.

The main difficulty with extending the result from Sectiord To a real PTAS for Steindt-VCSS/ECSS is that
the spanners used in the Structure Theorem Ill 1.15 and iPT#S from Theorem 1.17 do not include Steiner
points. Nevertheless, one can decompose optimal Steihgioss fork-connectivity and combine this decomposition
with the construction of banyans due to Rao and Smith [33]e @&se ofk = 2 is most interesting. Extending
the work of Hsu and Hu [25], Czumaj and Lingas [10] showed a s@wctural characterization of minimum-cost
Steiner biconnected graphs that lead to a decomposition optimal Steiner solution into minimum Steiner trees.
This opened the possibility of using the so call@dt- €)-banayans, for the purpose of approximating the Euclidean
minimum Steiner tree problem. As the result, Czumaj and &én[d.0] obtain a PTAS for Euclidean minimum-cost
Steiner biconnectivity and Euclidean minimum-cost twoedgnnectivity; the algorithms run in tim@(n logn) for

2 o)
any constant dimension andFor generall ande, the running time is. logn (d/e)0(d) +n 2(4/6)717 4y 22¢

7.3 Survivable networks

Czumaj et al. [13] extended the analysis from previous gest{in particular, Theorem 1.19) to a more general
problem of survivable networks. They considered the vagéthe survivable network design problemwhich for a
given setS of n points in Euclidean spad@? and a connectivity requirement function S — N, the goal is to find a
minimum-cost grapt& on S such that for any pair of points y € S, G has mifr(x), r(y)} internally vertex-disjoint

paths betweer andy. The two most basic (and of largest practical relevancaants of this problem are those in
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whichr(x) € {0, 1} and whenr(x) € {0, 1,2}, for any pointx € S.

First, for the simplest case in whielix) € {0, 1} for any pointx € S, that is, for theSteiner tree problefy Czumaj
et al. [13] designed a randomized algorithm that, for anystamd and any constary, in time O(n logn) finds a
Steiner tree whose cost is at m@$t+ ¢) times larger than the minimum. For genedahnde, its running time is
n logn (d/g)°(d) 4 n2ia/0% et | 20t

Next, for the case wher(x) € {0, 1, 2} for any pointx € S (this is the classical problem investigated thoroughly by
Grotschel and Monmat. al. [20, 21, 22, 32, 35]), Czumaj et al. [13] extended algoritlumthe Steiner tree problem
to design an algorithm that, for any constdraind any constant, in time O(n logn) finds a graph satisfying all the
vertex connectivity requirements and having the cost at iflo$ ¢) times the minimum. Whed ande¢ are allowed
to be arbitrarily, its running time i logn (d/¢)°(4) + n2(@/e° 420t

Finally, essentially the same techniques can be used tina®RTAS for the multigraph variant, where the edge-
connectivity requirements satisfyx) € {0,1,...,k}andk = O(1).

All these approximation schemes are randomized, but theypederandomizedh a polynomial time.

7.4 Finding low-costk-VCSS andk-ECSS in planar graphs

Recently, there has been also a progress in designing apyation schemes for the-VCSS and2-ECSS problem
in planar graphs [7, 5]. Similarly as for the TSP problem ianalr graphs [4, 19], the first step towards an efficient
approximation scheme has been achieved for unweightedthgr&afrumaj et al. [7] showed that for every positive
for a given undirected graph plan@rwith n vertices, one can find in time®('/¢) a2-VCSS (or2-ECSS) ofG whose
total number of edges is at mdst+ ¢) times the minimum number of edges in @/ CSS (or2-ECSS, respectively)
of G; this gives a PTAS for the unweighted version of M¥CSS and2-ECSS problem in planar graphs. In fact, the
approximation scheme provided in [7] works also for the \n&g case, but then the running time becomg§Y/¢),
wherey is the ratio of the total edge cost to the optimum solutiort.cos

Soon later, Berger et al. [5] modified the scheme from [7] abioed aquasi-polynomial time approximation
schemdfor the 2-VCSS and2-ECSS problem in planar graphs. Their algorithm runs in tim§&'o9m log(1/¢)/e)
and finds a2-VCSS (or2-ECSS) ofG whose total cost is at mo$t + ¢) times the minimum-cos?-VCSS (or2-
ECSS, respectively) di. Furthermore, their algorithm can be extended to solveiwitie same runtime bounds the
survivable network design problem in planar graphs in which € {1, 2} for any vertex.

The underlying techniques developed for the approximagiciremes for th@-VCSS and2-ECSS problem in

planar graphs were surprisingly similar to those used fonggric graphs: a combination of (new) separator theorems

4Note that this variant of the Steiner tree problem is diffitfieom the Steiner tree problem considered by Arora [2]vibich a PTAS is also
known [2, 3] (see also [31, 33]). The variant considered is $larvey requires that all locations of Steiner points arergin advance (they are the
pointsx € S with r(x) = 0), while in the other variant, all points iR¢ could be used as Steiner points.
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with dynamic programming, and then new constructiongbt spannergor planar graphs. For more details, we refer

interested readers to the original papers [7, 5].

8 Final comments

In this paper, we surveyed recent approximation schemegafious variants of network design problems for geo-
metric graphs. Our main goal was not only to show the resuttalso to demonstrate a variety of new techniques

developed to coupe with these problems.

8.1 Interesting open questions:

In our context, perhaps the most intriguing open problemmémw is whether the minimum-co2tVCSS and2-ECSS
problems for planar graphs has a PTAS. We conjecture thatdlimdeed the case, but so far, the existing techniques
seem to be too weak. Further, it would be interesting to staeit is a PTAS for the-VCSS/ECSS problem in planar
graphs fork = 3,4 (note that fork > 5 no planar graph can bdevertex-connected).

Another interesting open problem is whether there exist3/A&SPfor the geometric minimum-co&tVCSS and
k-ECSS problems for very large valueskofThe techniques presented in this survey seem to work onthéovalues
of k up to(loglogn)¢ for certain positive constart< 1. What about large values &f

Finally, and perhaps most importantly, how practical am rirethods discussed in this survey? Even though,
most probably any direct implementation of the PTAS ezonnectivity problems would be inferior to the existing
heuristic implementations discussed, e.g., [21, 22, 3P,88 believe that the techniques presented in this survey

when combined with heuristics could lead to significant ioyements in practical implementations.
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