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We investigate the stability of a dynamic brain model using conventional techniques of
linearization of the state space equations of motion for two nearby solutions followed by
solution via expansion in the eigenvectors of the Jacobian matrix with eigenvalues λ1,
λ2, ..., λn.  The fundamental stability condition for brains is then |λk| ≅ 1.  By equating
terms in two versions of the characteristic polynomial of the Jacobian we obtain a set of
equations relating principle minors of the Jacobian to the fundamental symmetric
polynomials formed from the eigenvalues.  These equations may be considered as
constraints on the Jacobian since the eigenvalues are constrained by the stability
conditions.  In turn, these equations may be regarded as constraints on brain structure
since the Jacobian embodies the dynamical structure of the brain model.

Introduction

In this paper we investigate the conditions a brain must satisfy to be stable when
considered as a dynamic system.  We know that normal brains are stable in the sense that
they do not spontaneously evolve toward coma or brain death on the one hand, or toward
mania or seizure on the other.  Those conditions are severely abnormal.  The task is to
translate this physiological statement into a form that applies to the dynamical model
presented below.

To accomplish this we take coma and brain death to correspond to brain states in which
the neuron firing rates are either zero, constant, very weak, or repetitive.  In dynamical
systems such states are called fixed points, steady states, and limit cycles.  We also take
mania and seizure to correspond to brain states in which the firing rates approach their
maximum possible values.  In dynamical systems such trajectories are called unstable.

In the theory of nonlinear dynamical systems, instability occurs when the dynamic
quantities that define a system state evolve progressively toward infinite values, while
fixed points, steady states, and limit cycles are regarded as attributes of stable systems.  In
this paper we regard steady states and cycles as too stable.  Thus a stable brain is one that
succeeds in continuously evolving in the intermediate region between states of little or no
activity, and states of excessive activity.  Stable brains are able to maintain indefinitely a
level of activity that is neither too low nor too high, but instead is "just right."
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To investigate this we follow the conventional approach in which we compare the
evolution of two systems (brains) that initially are in nearly identical states.  We do this by
computing the difference between the two systems as time advances.  If the equations
force the two systems to converge to an identical state, then the systems are evolving
toward a steady state or limit cycle.  If the two system states are forced to diverge without
limit, then the system is unstable.  As we have noted, both situations are undesirable for
brains.  Lastly, if the equations constrain the two system states to remain close together,
neither converging nor diverging, then the systems are dynamically stable.  Such
dynamically stable systems are consistent with normal brain functioning.

Brain Model

Here we give a brief presentation of the mathematical model used to represent brains.  A
more detailed discussion may be found elsewhere [Ryon, 1997].  See Kandel, et al for a
thorough discussion of the neural science material.

We assume that the firing rate of neurons is the physical quantity of interest.  We denote
the firing rate of neuron i at time t by ri(t) and define it to be the average rate at which
action potentials are initiated in the axon hillock of neuron i at time t.  There is a time
delay between the time an action potential fires in neuron i and the time it affects the firing
of a successor neuron j.  This time delay, denoted by tij, consists of the time required for
an action potential to travel down the axon of neuron i, cross the synapse to neuron j, and
diffuse along the dendrite tree and around the cell body to the hillock (trigger zone) of
neuron j.  Thus the firing rate of a neuron i is determined by the firing rates of the neurons
that synapse upon it at earlier times.

We take the following rate equations as the model of neuron activity in brains:

( ) ( ) ( ) ( )( )niniiii ttrttrttrftr −−−= ,,, 2211 L

Here n is the total number of neurons in the brain, and fi is the function that represents the
transformation of the combined effects of the neurons making synapses on neuron i into
the firing rate of neuron i.

If a neuron k makes no synapse upon neuron i then fi does not depend upon rk which may
be expressed as ∂fi/∂rk = 0.

A solution to these rate equations consists of functions ri(t) defined for all times in some
non empty interval that satisfy the equations in the same time interval.  We may also refer
to solutions as trajectories.

Observe the generality of the these rate equations.  There is no explicit appearance of
synapse strengths or sigmoid curves.  Thus our results will possess similar generality.  Of
course, one may always specialize the rate equations to account for particular choices of
neuron models.
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Rate Equations for Nearby Solutions

Let ri(t) be a solution of the rate equations and let si(t) be a nearby solution at time t.
Then, following the conventional approach presented in many places [see Drazin 1994,
Jackson 1995, Ott 1993, Saaty 1981, etc.], we write

( ) ( ) ( )ttrts iii ε+=

where the εi(t) are the small differences between the two solutions which we take to be of
first order in smallness.  On substituting this into the rate equations and expanding in a
Taylor series to first order we obtain
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Since ri(t) is a solution of the rate equations we have
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where fik = ∂fi/∂rk is the Jacobian matrix of the system.  Note that it is evaluated at the
retarded times t - tki.

Thus the first order differences satisfy a linear set of equations.  To further simplify these
equations so we may employ standard techniques we take advantage of the fact that the
time delays tki are themselves small quantities of the first order.  Thus we replace

( )kik tt −ε  with ( )τε −tk  where τ is the average value of the tki.  Thus the linearized

equations become
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We rewrite this as follows
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Stability Conditions

The linearized equations will represent a stable brain system if the differences change little
with time.  More precisely, the system will be stable if the differences remain within given
upper and lower bounds as time advances.



John W. Ryon Mathematical Conditions for Brain Stability 11/97

4

Consider the eigenvalue problem
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From this last form it is clear that the magnitude of εk(t) will remain within given bounds if
and only if the following stability conditions hold.

|λp| ≅ 1

Solving the Eigenvalue Problem

The eigenvalue problem f u uik kk

n
i=∑ =

1
λ  will be solvable if and only if the following

condition holds

det( F - λI ) = |F - λI| = 0

where F = [ fik ] and I is the n-dimensional identity matrix.

In treatments of determinants and matrices such as that of Aitken it is shown that the
determinant |F - λI| may be expanded in the following characteristic polynomial.
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where spk(F) stands for the sum of the principle minors of |F| of order k.  A minor of |F| is
a determinant of |F| obtained by suppressing any n-k rows and n-k columns of |F|.  A
principle minor of |F| is a minor of |F| in which its elements are symmetrically arranged
with respect to the main diagonal of F.  For example, the main diagonal elements of F, f11,
f22, ... fnn, are each a principle minor of F of order 1.  The minors of a real matrix,
including its principle minors, are real numbers.

Accordingly, sp1(F) is given by

( ) ( )FF trfffsp nn =+++= L22111

which is the trace of F as indicated.

In brains, neurons rarely, if ever, synapse upon themselves, so we have

f
f

rii
i

i

= =
∂
∂

0

Therefore

sp1(F) = tr(F) = 0

We see that solving the eigenvalue problem is equivalent to finding the roots of the
characteristic polynomial given above.  Because the polynomial has real coefficients, its
roots are either real or occur in complex conjugate pairs.

Stability Constraints

The characteristic polynomial introduced in the previous section has n roots, λ1, λ2, ...,
λn.  Thus the characteristic polynomial may be written
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By equating corresponding terms in the two forms of the characteristic polynomial we
obtain the following:
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or more compactly
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These equations in conjunction with the previous stability conditions

|λp| ≅ 1

constitute a set of constraints that the matrix F must satisfy for the dynamical system
determined by F to be stable.  We call these the stability constraints.

Discussion

At first glance the stability constraints appear to be extremely severe.  For example, the
equation F = λ λ λ1 2L n  and the condition |λp| ≅ 1 seem to say that |det(F)| ≅ 1.  When
we remember that the dimensionality of F is of the order of 1011 it would appear that
constraining its determinant to be of magnutude unity would be extremely difficult to
achieve.  However, this view is misleading as we shall show.

Note that the fact that neurons do not synapse upon themselves implies the following

( ) ( ) 01 === ∑
i

itrsp λFF

Let the eigenvalues λi be defined as follows

ii ηλ +±= 1

where the ηi are small.  Then we have
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For the moment, assume that the number n of neurons is even.  Assume further that half
the λi are defined with +1, the other half with -1.  Then the sum ∑(±1) vanishes and we
are left with
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where m = n/2.  Define imii +−= ηηδ  and drop terms of order higher than one.
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where δ  is the average of the deltas.  Recall that m is large, on the order of 1010, so we
finally have

( ) δ10101det +≅F

It is now clear that, unless δ  is very small, |F| is not overly constrained in magnitude.

Nevertheless, the stability constraint equations can be useful in at least two ways.  First,
given a theoretic model in the form of specific rate equations, one may analyze the
circumstances under which the constraints would be satisfied.  Second, given a computer
or simulation model, one may calculate the Jacobian and verify that the system is stable.

Specializing the Brain Model

In this section we specialize our brain model so that, in the following section, we may give
an example of applying the stability criteria developed above.  In specializing our model,
we ensure it conforms to known properties of neurons.

The contribution neuron j makes to the membrane potential at the hillock of neuron i at
time t is given by
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We take the potential to be a linear function or the firing rate of neuron j at the earlier time
tji.  This means only that doubling the firing rate of neuron j at time t - tji has the effect of
doubling its contribution to the hillock membrane potential of the post synaptic neuron i at
the later time t.

The total membrane potential at the hillock of neuron i at time t is then the sum of the
contributions from all its pre synaptic neurons.
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The firing rate of neuron i at time t is determined by its hillock membrane potential
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where ai is a constant, ∆v v vi i i= −, ,2 1 is the range of possible values of the hillock

membrane potential of neuron i, ∆x x x= −2 1 is the effective range of the argument x of
the sigmoid function σ0(x), and the sigmoid function is the frequently used
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The effective range of the sigmoid argument x simply allows us to map the membrane
potential range ∆vi onto any desired range of x values, ∆x.  In particular it allows us to
model the threshold value of the membrane potential that prevents the neuron firing for
potential values that fall below the threshold .

Example

Here we apply the stability criteria to the specialized model of the previous section.

We note that negative values of the hillock membrane potential vi(t) completely inhibit the
firing of neuron i.  Consequently, we map the positive range of vi(t) onto the effective
range ∆x.  We define ∆x so  that σ0(x) effectively vanishes outside the range.  Thus
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The firing rate of neuron i becomes
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Now the elements of the Jacobian matrix may be computed as follows:
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where |W| is the determinant of the matrix of synapse strengths wij.  The coefficients bk
and synapse strengths wij are constant over the short term.  Thus any time dependence of
|F| comes from the factors σ'0k.

Computing bi

Consider the coefficients max,6 iii vab = .  The constant ai represents the maximum

possible firing rate of neuron i.  We can estimate vi,max in terms of ai as follows
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Thus vi,max includes contributions from all the excitatory neurons synapsing on i at their
maximum rates but none from any of the inhibitory neurons synapsing on i.  The
coefficient bi becomes
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Assume Constant ai

We now assume that all neurons have approximately the same maximum firing rate given
by the inverse of the refractory period τ.  Thus ai = 1/τ and we obtain
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avgiw ,  is the average strength of the excitatory synapses on neuron i.  The

coefficient bi becomes
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where W  is the matrix with elements +
avgiij ww , .

Estimating |F|

The derivative of the sigmoid function σ0 is given by

( )000 1 σσσ −=′

Its maximum value occurs at x = 0 and equals 1/4.  Thus the term 6 0′σ k  in the expression
above for |F| is on the order of unity.  Its exact value of course depends upon the current
state of the system of neurons.

The elements of W  are also on the order or unity, or less since negative contributions

have been excluded from wi avg,
+ .

Thus we see that the terms in the expression for |F| are all on the order of unity.  This does
not guarantee that the eigenvalues of F will satisfy the stability conditions |λp| ≅ 1, but
clearly there is no evident inconsistency.  Our previous discussion demonstrated that the
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stability conditions could hold even though F = λ λ λ1 2L n  might have a value far from
unity.
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